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Let H be a class group—in the sense of class-field theory— in the rational field P, whose order is
some power of a prime /. With H there is associated an Abelian extension K of P. The purpose
of this paper is to determine in rational terms and for all fields K given in the described manner, the
set €(K/P) of cyclic extensions A of K of relative degree /, which are absolutely normal.t In
particular we shall find the ramification laws for these fields A, and the possible extension types
of a group of order ! by the Galois group of K, which are realized in Galois groups of fields in
C(K/P). Itis fundamental to the programme outlined, that we aim at obtaining purely rational
criteria of determination. ~

INTRODUCTION

As an introduction to the subject matter of this paper, some of the questions we are interested
in and some of the results, will be illustrated in terms of a particular case. We shall avoid at
this stage, as far as possible, bringing in the formal concepts which will eventually be used,
and instead give a simple, ad hoc description of the example considered.

Let K be an absolutely Abelian, non-cyclic field of degree 4, and let €(K) be the set of
absolutely normal fields A of at most degree 8 which contain K. Such a field A either
coincides with K or is relative quadratic over K. In the latter case the absolute Galois group
of A is defined in a natural manner as an extension of a group E of order 2 by the Galois
group I' of K. There thus corresponds to each field A in €(K) a factor-system class of I’
in E; this correspondence can be extended so as to cover also the case A = K, associating
with this field the unit class. The question then arises: which of the factor-system classes
of I'in E are realized in the manner described by fields in €(K)? One can show that these

T Later K also will be formally included in €(K/P).
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386 _ 'A. FROHLICH ON THE

classes form a group A(K). Our first aim is to determine A(K) in purely rational terms. To
formulate the answer concretely E is taken as the group of square roots of unity and an
explicit representation of the factor-system classes of I" in £ will be introduced.

K is the union of two quadratic fields whose discriminants are D; and D,. I' is then
generated by elements y,, ¥, such that for ,j = 1, 2

Vi D; = (=1)% JD;.
In the extension I' of E by I' choose representatives 7, of y,. We obtain relations
B= (10 (=12);  FTRT = (—1)%em,

‘The exponents taken mod 2 do not depend on the choice of representatives and determine
the structure of I'. Moreover, each triplet ¢ = [C(y,), C(7,), C(¥1, 7,)] defines some extension
of E by I'. The set of all such triplets ¢ with component-wise addition mod 2 is thus precisely
the group of factor-system classes of I in E, and we have

¢ 15 realized by some field A in €(K) (i.e. ¢ belongs to the subgroup A(K)), if and only if

(A) (Pll;)_Dz)C‘“’“‘ (= 1{; DI)CW‘) E ;Dz)"‘“’ —1, forallp.

We see that this criterion is a ‘finite’ one, as (A) is trivially satisfied if p is non-ramified
in K.

Assume now that the factor-system class ¢ satisfies (A). We then ask: what can be said

~about the ramification of rational primes in the fields A belonging to ¢? Not unexpectedly
the discriminant prime divisors of K play a special role. Their ramification in the relative
extension A/K is in a very strong sense determined by ¢; an explicit criterion involving only
the components of ¢ and the rational quadratic residue characters associated with K
can be derived. On the other hand, one can—within the obvious limitation—prescribe
arbitrarily the ramification behaviour of all other primes. In particular, we have

Every factor-system class ¢ satisfying (A) is realized by a field A whose discriminant prime divisors
are precisely those of K. _

Among these fields those for which ¢ is the unit class are of particular importance. These
are the fields K(,/D), where D =1, or D is a quadratic discriminant in the rational field
all of whose prime divisors are ramified in K.

A more detailed characterization of this ramification law can be given in terms of rational
quadratic residue characters whose conductor is prime to the discriminant of K. To each
field there corresponds in a natural manner such a character ¥, and the conductor prime
divisors of x are precisely those primes ramified in A but not in K. Moreover, if y is a
character of this type—possibly the trivial character—and if ¢ lies in 4(K) then there exists
a field in €(K) belonging—in the obvious sense described—to the pair (y,¢); the number
of such fields is the same as the number of fields K(,/D) mentioned above.

Having associated with each field A a pair (y,¢), we are now led to the problem of
characterizing the fields in €(K) by rational invariants. At this stage it becomes worth
while to introduce the formal description of the set €(K) by the character group ®(A/K)
which will be used throughout this paper. Here A is the union of the fields in €(K). The
elements of this group can be interpreted either asidéle class characters in K or as continuous
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RATIONAL CHARACTERIZATION OF ABELIAN EXTENSIONS 387

characters of the Galois group of A/K. Our problem is then to determine this group
rationally in a way which exhibits the field-theoretic and arithmetic properties of its
elements and of the corresponding fields.

One can now associate with each character ¢ in ®(A/K) a pair (X5 ¢4) of the type con-
sidered already, and each such pair (y,?) is associated with some ¢. The mappings ¢ -7y,
¢ x4 are homomorphisms. Finally, the group of characters ¢ for which xy, ¢, are the unit
elements, is finite and can be easily determined. Thus when D;, D, are odd this is the
classical group of genus characters of K.

The type of problem with which we are concerned has been indicated in the preceding
discussion. The class of fields covered in this paper is given by the following data: The
base field is as before the rational field P; /is a natural prime and K is an Abelian extension
of P, given by its class group in P, whose degree is some power of /; €(K/P) = €(K) is the
set of all fields A which are normal over P and of relative degree / (or 1) over K. The same
methods could also be used under less restrictive conditions, allowing K to be any Abelian
field and €(K/P) the set of central extensions of K. On the other hand, we could take the
base field P as a rational p-adic field, and we shall in fact briefly touch upon this case. The
first half of this paper applies to any base field P which is a finite algebraic number field;
the author hopes to return to a complete treatment of this more general problem.

The first stage in our programme is to obtain a suitable description of €(K/P) by what
one may call formal description invariants. These are (i) groups of characters which will
in the first place be interpreted as characters of Galois groups—see, for example, the group
®(A/K) already mentioned, (ii) a group 4(K) of factor-system classes representing group
extensions which are realized by fields in €(K/P). These groups are then connected by an
exact sequence S of homomorphisms. So far no restriction has to be imposed on the base
field. If, however, P admits a class-field theory the terms and mappings of § acquire an
immediate arithmetic meaning. Moreover, if P is a finite algebraic number field, then for
each prime divisor p in P one can derive an exact sequence Sy, which is a homomorphic
image of S. . v

The contents of §§ 4, 5 do not form an integral part of our investigation, but supplement it.
§ 4 contains a detailed interpretation of the formal description invariants in terms of class-
field theory over K, and in § 5 these invariants are briefly discussed from the point of view
of Kummer theory. The final results can thus be interpreted as providing a rational deter-
mination of structural properties of the idéle class group, and if / = 2, of the multiplicative
group, in K.

In the second half of the paper (§§7 to 13) the base field is the rational field. A rational
characterization of the groups involved in the formal description of €(K/P) will be derived.
One wants, of course, to determine these groups not just in the abstract sense, but as con-
cretely given groups of elements with certain definite arithmetic properties. This approach
was typified in the example discussed earlier on. The central role is played here by (i) the
residue characters associated with the characters of ®(A/K) and the ramification laws
described by these, (ii) the group 4(K) of factor-system classes realized in €(K/P). In the
particular case we have considered, the conditions (A) for 4(K) were formulated in terms
of a basis of I'; analogous explicit conditions will be derived in the general case, using
however, residue characters instead of the norm residue symbol which will not always be

49-2
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388 A. FROHLICH ON THE

at our disposal. Moreover, an invariant criterion for 4(K) will be obtained, which does not
depend on any choice of basis. As an illustration the abstract groups which appear as Galois
groups of fields in €(K/P) will be determined in some simple cases in the final section.

The problem of decomposition of rational primes in the fields considered will only
briefly be touched upon. An explicit decomposition law for all fields of the type considered
here is not known. It will, however, be shown in a subsequent publication, based on the
present paper, that such a law can be formulated for the fields in €(K/P), if, for example,
K is of the type considered in our example.

In conclusion, there follow a few remarks on the general background of this paper. The
problem we are concerned with is of the following type: we are given a field P, to be more
definite say a finite algebraic number field, and a finite normal algebraic extension K of P;
a set €(K/P) of fields A which are normal algebraic over P and Abelian over K is defined
by prescribing some property of these fields, such as their degree. We then wish to deter-
mine in some sense the set €(K/P) and to characterize the relative behaviour of its fields
with respect to K and to P. Once one attempts to formulate this aim more precisely one is
immediately led to a fundamental distinction between two possible types of characteriza-
tion, namely, either in terms of K or in terms of P. In the first approach K is taken as known
in the sense that any of its structural properties may be presupposed. Results of a general
nature have been obtained in this direction (Brauer 1947; Hasse 1947, 1948; Jehne 1952;
Wolf 1953 a,b,1956). Thus, in his fundamental paper Hasse (1947) treats the problem both
from the point of view of class-field theory and from the point of view of Kummer theory
and derives under the appropriate hypothesis a complete set of Kummer invariants in K.
Since then new developmentsin class-field theory (Weil 1951 ; Nakayama 1952 Hochschild &
Nakayama 1952; Jehne 1952) have brought problems of characterization in K within the
scope of this theory. The essential step was the discovery of the canonical factor-system class
of K over P; in fact the Artin mapping over K maps this class onto the operative factor-
system class of A/K/P in the sense of § 2.

Here we are, however, concerned with the essentially different question of a character-
ization in the base field P. K is now given only in a very restricted sense, namely by its
associated class group Hy in P. Beyond that the structure of K is not assumed to be known
and does not enter the criteria of determination which are to be formulated solely in terms
of P. What we thus really consider is a whole family of class groups Hg, with each a set
C(K/P) being associated. As far as algebraic number fields are concerned very little is
known on problems of this type, except of course in the case when C(K/P) consists by
definition only of class fields of P. It seems thus worth while to try to obtain a solution for
some restricted class of algebraic number fields; this will be done here. Some results in
this djrection have been found incidentally by Scholz (1929, 1936), Reichardt (1936, 1937)
and Safarevi¢ (19544,b,¢) in the course of their investigations on the existence of fields

~with a given soluble Galois group.t

T (Note added 29 January 1959). The author has now succeeded in obtaining a generalization of the theory,
as developed in the second half of this paper; this covers situations in which a finite algebraic number field—
in place of the rational field—is taken as the base field. This is done by a new approach via the corresponding
local theory. A detailed account of the rational case seems however still to be desirable, in particular as a
good many of the results depend specifically on the rational field as base field and extend either only in a
weakened form, or not at all to more general base fields.
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RATIONAL CHARACTERIZATION OF ABELIAN EXTENSIONS 389

1. THE CHARACTER GROUP OF AN ABELIAN EXTENSION FIELD

We denote the Galois group of a normal algebraic extension field M of a field M by
I'(M/M). Assume that M is an Abelian extension of M. We denote the group of continuous
characters of the Galois group I'(M/M) by ®(M/M), and if M is the maximal Abelian
extension of M also by ®(M). If M, is a field between M and M we shall consider ®(M,/M)
as a subgroup of ®(M/M). The mapping M, -®(M,/M) is a biunique mapping of the set
of fields between M and M onto the set of subgroups of ®M/M) with the following
properties:

(i) It induces a lattice isomorphism of the lattice of fields between M and M onto
the lattice of subgroups of ®M/M), both lattices having inclusion as their defining order
relation.

(ii) An element y of I'(M/M) leaves the field M element-wise fixed 1f and only if
#(y) =1 for all ge®(M,/M).

(iii) A character ¢ in ®(M/M) satisfies ¢(y) = 1 for all y leaving M element-wise fixed,
if and only if e ®(M,/M).

(iv) If®(M,/M) or I'(M,/M) is finite, then ®(M,/M) ~ I'(M,/M).

We shall, when @ = ®(M,/M) also write M; = M,, and for cyclic ®, M; = M, if ¢ is
a generator of ®.

Let now A be normal over a field M, and let A and M be the maximal Abelian extensions
of A and of M, respectively. Then M = A and I'(M/M) = ['(A/M)/T(A/M). If $eD(M),
yeD(A/A) we write ¢'(y) = ¢(y['(A/M)). Then ¢’e®(A), and the mapping Ry,: ¢—>¢’
is a homomorphism of ®(M) into ®(A).

If M is a finite algebraic extension of the rational field or of some local completion of
that field, then class-field theory asserts the existence of a canonical isomorphism of ®(M)
onto the group of class-group characters of M (Chevalley 1940). We shall in fact identify
the two groups of characters. For algebraic number fields we shall use the idele-theoretic
formulation of class-field theory here (see, for example, Chevalley 1940, 1954). The con-
vention to be made is then: if M is a finite algebraic extension of the rational field (of a local
completion of the rational field), and if § e ®(M), then we interpret ¢ as a function of ideles
(of non-zero elements of M) by the rule

$(A) = $((My/M; %)),

where (A/M; ) is the Artin symbol. Thus when M is an algebraic number field, ¢ is con-
sidered as a character of the idéle group, which is effectively an idéle class character (or
differential).

2. FACTOR SYSTEMS AND CENTRAL EXTENSION FIELDS

Let I be a group and let A be an Abelian group such that I'is realized in a given manner
as a group of automorphisms of A. Throughout, this realization of I"' by automorphisms
of A will be the trivial one, i.e. each element of I' is assumed to induce the identical auto-
morphism on A. We denote the group of factor systems of I'in A by F(I', A) ; F(I', A) is thus
the group of mappings a: I' x I'— A satisfying

a(y1,72) a(Y1725V3) = a(V1,7273) @(V2573)s (2:1)
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390 A. FROHLICH ON THE
for all y,, 7,, 7;€ I'. The elements a in F(I', A) for which there exists a mapping b: I'= A with

a(y1,72) = b(y1) b(y2) (6(y179)) 7! (2-2)

form a subgroup of F(I', A). The coset or class of a factor system 2 modulo this subgroup will
be denoted by @, and the group of factor-system classes by F(I', A).
Lett Qbe a group, and let

[Q,t5]: 1-ALQST—>1

be an exact sequence of homomorphisms. If 7 is a biunique mapping of I into Q such that
s(r(y)) =7, for all ye I, then r(I") is a complete set of representatives of I" in Q, and for all
71, 72€ I there exists an element a(y,,7,) € A, such that

r(r) 7(72) = #a(y1, 7)) 7(v172)- (2-3)
a is an element of F(I', A). Thus to every quadruplet [, ¢,s,7] of the form described there
corresponds by (3) an element a of F(I', A). For given [Q, ¢, s] and varying 7, the element a
will vary over a given class in F(I',A). There thus corresponds to each sequence [Q,¢,5]
a unique element @ of F(I',A), which will be called the operative factor-system class of
[Q,7,5]. Two sequences [€),¢,s] and [Q,#,s'] have the same operative factor-system class
if and only if there exists an isomorphism v of Q onto ', such that

vt="1, s=s. (2-4)

Two sequences connected in this manner are said to be of the same type in the strong sense.
Assume in particular that M and K are normal extensions of a field P, and that M is an
Abelian extension of K, such that I'(M/K) = A lies in the centre§ of I'(M/P) = Q. Then the
realization of I'(K/P) = I"as a group of automorphisms of A which is induced by the group
Q2 in the obvious manner is the trivial one. Furthermore, the mappings ¢ and s are given in
a natural manner. £ is the injection mapping of I'((M/K) into I'(M/P), and s is given by
restricting each automorphism of M over P to the field K. In this case one need not specify
s and ¢ explicitly, and one can simply speak of the operative factor-system class in
F(I'(K/P), I'(M/K)) for the group I'(M/P), or of the operative factor-system class for M/K/P.

Weakening the relation (2-4) two exact sequences [Q,?,s] and [Q,#,s'] are said to be
of the same type in the weak sense, if there exists an isomorphism v of Q onto Q’, and an
automorphism g of A such that vt=1tg, s=sb. (2'5)
This equivalence relation is still stronger than that of an isomorphy Q= Q'. Assume now
that two elements ¢, and a, of F(I', A) are related by

ay(71,72) = &(ay(71,72)), forall y,,y,eT, (2-6)

g being an automorphism of A. The mapping g: @, —a, of F(T, A) into itself, given by (2-6)
for fixed g is uniquely defined, and is an automorphism of F(I', A). The set of all elements
ga for any given class @ and for all automorphisms g of A, will be called the type of a. The

1 The following discussion applies essentially also—with appropriate changes—to the general case not
considered here, when I' operates on A not necessarily in a trivial manner.

It will be recalled that a sequence of homomorphisms is exact, if for each ‘step’ %> A%, the image
group of g is the kernel of f. Thus 1 4% B is exact, if and only if f is an isomorphism into B, and B4 4 1
is exact, if and only if g is a homomorphism onto A.

§ In such a situation M is said to be a central extension of K over P.
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types are thus equivalence classes on F(I',A); two elements g, and @, belong to the same
type if and only if (2-6) holds for some representative ¢; of g; ( = 1,2) and for some g.
The type of the operative factor-system class of [Q, ¢, s] will be called the operative type of
[Q,¢,5]. Itis easy to see now that the two exact sequences are of the same type in the weaker
sense, if and only if their operative types coincide.

When K is a normal extension of a field P and M a central extension of K over P we can
again simply speak of the operative type of M/K/P. This concept arises naturally when one
considers sets of fields, with certain prescribed properties.t Assume for simplicity’s sake
that K is a normal extension of a field P, and that € is the set of all central extensions M of
K over P, such that I'(M/K) is isomorphic to a given group A. For Me €, the group I'(M/K)
is then merely given as an abstractgroup, butnot explicitly asa group of field automorphisms.
The choice of the particular homomorphism ¢ is thus still open ; more precisely, the defining
conditions of ¢ prescribe merely the set [#g], where # is a fixed homomorphism A— Q and
g varies over the automorphisms of A. The operative factor-system classes for M/K/P, as
M varies over €, can thus from the nature of the problem only be determined to within
their type. Once it is realized, however, that in problems of this nature the operative type
is the fundamental concept the procedure used can be considerably simplified. We need
not consider simultaneously all the groups F(I'(K/P), I'(M/K)) as M varies over €, but can
restrict ourselves to the one group F(I'(K/P),A) and speak of the operative type for M/K/P
in that group. In factlet A~ A’ and let z be an isomorphism of Aonto A’. Then ifae F(T', A),

the equations [£*a] (71, 72) = h(a(71,75))

will determine an element k*ae F(T,A’). Here £*a depends solely on @, and the mapping
k: @—k*a is an isomorphism of F(I', A) onto F(I',A’). The image of a type in F(T,A) is
a type in F(I',A’), and this image type does not depend on the particular choice of 4.

Assume from now I" to be a finite Abelian group. Denote the order of an element y by
n.,.. A mapping ¢: I' x I'> A will be called a commutator factor system of I'in A, if

(Vs 72) = (7)) e(r7) =1, |
(1Y ¥2) = (15 ¥2) ¢V ¥2)s €1 V1¥2) = (1 1) €(5 7))

for all y,y,,7,€I. A consequence of (2-7) is the equation ¢(y,y,)™ = ¢(y;,y)» = 1. The
commutator factor systems form a group C(I', A). If ais an element of F(I', A), then the func-
tion ay defined by ay(7;,7,) = a(y1,72) (a(y2,71))7! is an element of C(I',A). We shall
construct below an element a of F(I',A) such that a, is a prescribed element of C(I, A).
It follows that the mapping a— a, is a homomorphism of F(I', A) onto C(I',A).

Next define corresponding to each element a in F(I',A) a mapping a*: I'> A, called the
power-factor system corresponding to a, by the rule a*(y) = TI a(y,y”) for all yeI'}

¥ mod ny

The power-factor systems form a group P(I', A), which is a homomorphic image of F(T', A)
under the mapping a— a*. From (2-2) we deduce by direct calculation that for a¢ F(T, A),
a = lifand onlyifa, = 1, and a*(y) =1 (mod A™) for all ye I". It will be assumed through-
out that a(1,1) = 1 whence a*(1) = 1.

T This was pointed out by Hasse (1947).

1 The power-factor systems can be characterized directly by equations involving also commutator
factors, but this characterization will not be used, and therefore will be omitted.

(2°7)
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Let now g = [y, ..., 7,,] be a basis of I'; denote the order of y; by #, and write (n;,n;) = n;;.
Then one verifies easily that a*(y) mod A, for all yeI', and a* are uniquely determined
by the elements a*(y;) (i=1,...,m), and a.(y,y;) for i<j.t Conversely let ¢(y;y;) for
1<i<j<m be elements of A satisfying ¢(y;, ;)" = 1, and let b(y,) (i = 1, ...,m) be arbitrary
elements of A. Define for ¢ = 1, ...,m a function o,(s,7) on pairs of integers (s,7) as follows:
put 5;=s, r;=r (modn), 0<s;, ,<n; and put o,(s,7) = 0, or = 1, according to whether
§;+1;<m, or s;-+7,2n,. Write for all systems of exponents ¢;, £, (¢ = 1,...,m)

a (IIl VD Hly?") = I{b(%)""(""‘”ﬂc(n, ¥;)4i%. (2-8)
i= i= i= : i<j

Then a is a uniquely defined mapping I'x I'->A and it is easily verified that ae F(I',A).
We see that a, = ¢!, where ¢ is the unique element of C(I', A) with the prescribed values
¢(7:,7;) (i<j), and that a*(y)=b(y;) mod A (i =1,...,m). The construction described
thus enables us to obtain factor systems out of any given class a. Moreover, iffori =1, ..., m,
the group A" only contains the unit element, the elements ¢(y;,7;) can be arbitrarily pre-
scribed, and distinct systems of prescribed invariants ¢(y;,y;), b(y;) will lead to factor systems
in distinct classes.
If a is given by (2-8) then in particular

a(yyih) =60, a(;7) =c(vy;) (1<),
and a (Imm', ] 7?") = ImIa(yi, yi et T  a(y;, 7,9, (2+9)
i=1 i=1 i=1 i<j

Conversely, every factor system satisfying (2-9) can be given in form (2-8). On the other
hand, the elements ae F(I', A) satistying (2-9) form a subgroup Fg(I',A). We conclude that
the mapping ¢ — @ induces a homomorphism of Fy4(T, A) onto F(I',A), and if A is of finite
exponent d, and d | n, for i =1,...,m, then this homomorphism is an isomorphism. If we
make this additional hypothesis on A we thus get for every given basis an explicit repre-
sentation of F(I', A) by a group Fg(T', A) of factor systems.

3. THE EXAcT SEQUENCE DESCRIBING &(K/P)

Notation. K is an Abelian extension field of a field P, of characteristic zero. The degree
(K:P) is some power of a prime I. €(K/P) is the set of all cyclic extensions A of K, whose
relative degree over K is a divisor of /, and which are normal over P. A = A(K) is the union
of the fields in €(K/P). We write for briefness I' = I'(K/P), I' = I'(A/P), and if M is a field
between K and A, I, = I'(A/M). E is the group of complex /th roots of unity. We note that
every field A in €(K/P) is a central extension of K over P, whence the same is true for every
field M between K and A. The theory of § 2 thus applies here.

With the set €(K/P) there are associated as description invariants four groups con-
nected by certain mappings. These are the character groups (i) ®(K/P), (ii) ®(A/K),
(iii) the subgroup W(K/P) of ®(P) generated by ®(K/P) and by all characters of order ,
and (iv) a subgroup 4(K/P) = A(K) of F(I', E) presently to be defined.

T a*(y) mod A" is, however, not determined by the values a*(y;) only; we need also the values ay (y;, ;).

1 Throughout this paper ] is the product over all pairs (z,7) with 1<i<j<m.
i<j
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®(K/P) is a subgroup of ¥(K/P); we denote the injection mapping of ®(K/P) into
Y'(K/P) by I,,. Next we observe that the union K of K and of all cyclic extensions of P
of degree / is a subfield of A, and that W(K/P) = ®(K/P). It follows that R, maps ¥(K/P)
into ®(A/K); the same symbol R, will be used for this induced mapping.

Choose a representative ae F(I,T';) of the operative class @(K) for A/K/P, and write
for all e ®(A/K) and for all y,,y,e T’

6a, (V15 72) = $(a(71,72))- (3:1)

Then ¢, 4e F(L, E) for each ¢ ®(A/K), and the class ¢,, 4 does not depend on a but solely
on a(K), i.e. on K, and on ¢. Put ~
Ugsp § = a, ¢ (3-2)

ttg/p is 2 homomorphism of ®(A/K) into F (T, E), whose image group is the group 4(K/P).
We then have

THEOREM 1. The sequence of homomorphisms

Sep:  1—>®K/P) X2 P(K/P) 2EO(A/K) 2 A(K/P) —> 1
is exact.

Proof.1 Iisclearly anisomorphisminto W(K/P). Nextobserve thatify ¢ ¥'(K/P) = ®(K/P),
and if § = Ry, then for all ye I'y, #(y) = ¢(yI'z). Hence ¢(y) = 1, for all ye Iy, if and only
if y(¥) = 1, for all ye I'(K/K) = ['\/Tz. It follows that ¢ = 1, if and only if e ®(K/P), so
that the kernel of R is the image of /.

Let now ¢e®(A/K) and put A = K. If A = KK’ where K' is cyclic over P, and (K': P)
divides /, then K’'= P, with ¥« ¥(K/P), and ¢ = Ry". Conversely, if ¢ = Ry, with
¥ e V(K/P), then one can assume y* = 1, and thus P, = K, A = KK’ where K’ is cyclic
over P, and (K': P) divides /.

Choose a representative a in F(I',T;) of a(K), and write d(y,,7,) = a(y;,y,) I'y for all
y1,72€ I. Then de F(T',I'(A/K)), and dis independent of the particular choice of a. Further-
more, d is the operative class for A/K/P. The function ¢d defined by

$d(y1,72) = $(d(11572))

for all y,,7,¢€ T, lies in F(T', E), and ¢d = ug. Observing that ¢ is an isomorphism of I'(A/K)
into E, we conclude that ug = 1,if and onlyif = 1, i.e. if and only if A = KK', where K’ is
cyclic over P and (K': P) divides /. Thus u¢ = 1, if and only if ¢ e R¥Y'(K/P). This completes
the proof of theorem 1.

A few remarks on the determination of the operative class d, for A/K/P and of its type,
by u¢ may be useful. If ¢ generates ®(A/K), and if ce F(I', E) is a representative of ug,

the equations (71 72) = $(d(71572)) (33)

determine a representative d of d,. On the other hand, if we take ¢ merely as a representative
of a generator of the group 4, = u®(A/K) we still retain the equation ¢ = (u¢)” for some »
prime to I In this case the element d defined by (3:3) will satisfy the relation d = dj. It
follows easily that the types of d and d, coincide. Thus the group 4, itself uniquely deter-
mines the operative type for A/K/P. But every element of A(K) generates a group 4,,

+ From now on we write R = Rp g, I = Iyp, u = ugp, etc., except when there is danger of confusion.

50 VoL. 251. A,
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and conversely always 4, < A(K). Thus the group 4(K) can be characterized as the sub-
group of F(I',E) of classes which represent operative types for A/K/P as A varies over
C(K/P).

We note here that if M is a union of some fields in €(K/P), then the exact sequence in
theorem 1 characterizes the operative factor-system class, and the operative type of M/K/P
in the same way as when in particular Me €(K/P). For, choosing a set of representatives
of I', and denoting by ¢, the corresponding representative of ug in F(T', E), the equations
cs(7,7') = ¢(d(y,7")), for all y,y" € ', and for all ¢ e ®(M/K), will determine the unique factor
system d in F(I', (M/K)), and d is the operative class for M/K/P. One can in fact easily
derive from the theory of €(K/P) a theory of the set of fields M such that (i) Mis composed of
cyclic extensions of K of relative degree /, (ii) Mis a central extension of K over P. Every such
field is then composed of fields in €(K/P) and the results on these ficlds are easily extended.
We shall, however, not explicitly refer again to this question.

The notation for the invariants of €(K/P) and their homomorphisms will be used
throughout this paper.

Assume now that P is either a finite algebraic number field or a finite algebraic extension
of a completion of the rational field for some valuation. Denote by V the multiplicative
group of P, and if Pis an algebraic number field by J the idele group of P. If Pis an algebraic
number field we considert the factor systems ¢ of J in E, satisfying for all a,be J

¢(a,b) =1, ifeither ¢(a)=1 or ¢() =1, forall JeDK/P). (3-4)

From (3-4) we easily conclude that ¢(a,b) solely depends on the values ¢(a), #(b) for all
pe O(K/P). If, on the other hand, P is a p-adic field, we consider the factor systems ¢
satisfying (3-4) for all a,be V. In both cases these factor systems form a group which will
be denoted by F(H(K), E) ; our notation indicates that this is essentially the group of factor
systems in E of the class group H(K). Denote the Artin mapping of J, respectively, ¥ onto I
by g, i.e. g is the mapping a— (K/P; a). Then if ae F(I', E), the function g*a defined by

g*a(a,b) = a(ga, gb)
is an element of F(H(K), E). The mapping g* is an isomorphism onto F(H(K), E), and the

class g*a solely depends on @. We put g*a = ga; then g is a canonical isomorphism of
F(I',E) onto F(H(K), E). We shall in future identify the groups F(H(K), E) and F(H(K), E)
with F(I', E) and F(I', E), respectively.

4. CLASS GROUP INTERPRETATION

In this section it will be assumed that P is a finite algebraic number field, or a finite
algebraic extension of a local completion of the rational field. A characterization of the
groups ®(A/K), A(K), and of the mappings R and u in terms of class groups in K will be
derived. Together with the corresponding characterization of the groups ®(K/P), W(K/P)
in P, which follows immediately as in § 1, by Artin’s law of reciprocity, this provides the
definitions in § 1 (and § 6), and the statement of theorem 1 (and 4) with a meaning in terms
of class-field theory over K, and makes it possible to interpret the results obtained in §§ 7

+ It would be of interest to consider the group of all factor systems ¢, for which (3-4) is satisfied not with
the group ®(K/P), but with an arbitary finite subgroup ®¢c of ®(P). It is hoped to return to this question,
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to 12 as determining by criteria in P properties of class groups in K. This interpretation is
an application to a special case of known results of class-field theory (see, for example,
Chevalley 1954).

The following notation will be used. For any finite algebraic number field M, J,, is the
idéle group, and V; is the multiplicative group of M. Ny, is the norm operator, when M’
is asubfield of M. 1fy e I', K, is the invariant field of the cyclic group {y} in I". Ly is the group
ofidéles U in Jy for which Ny, Wlies in JbV,. My is the group of idéles A in J; of form

U = TT (78, 8;"),

where the product extends over all ye I, and where %, B, € Jy, aeV;. Clearly My < L.

We shall restrict ourselves to finite algebraic number fields. If P is instead taken as a
‘local’ field both results and proofs apply with the appropriate changes in notation; one
only has to replace throughout ‘ideles’ by ‘non-zero elements of the field’, and substitute
the multiplicative group ¥y, for the idéle group Jy, and the group of order 1 for the multi-
plicative group ¥}, in all formulae.

Let ®(My) be the group of characters A of My which are restrictions of idele class charac-
ters to My, i.e. such that HgeD(K) with ¢(A) = A(A), for all Ae My. Denote here the
restriction of a character ¢ in ®(K) to My by 7,4; thus 7, is a homomorphism of ®(K)
onto ®(My). Let furthermore ®(L,/My) be the group of characters A of L, such that, first,
g e D(K) with ¢(A) = A(A), for all A € Ly, and that, secondly, A(A) = 1, if Ae M. Denote
the restriction of a character ge ®(A/K) to L, by r, and the restriction of a character ¢
in ®(P) to the norms of Kin P by s; the characters s¢ form a group ®( Ny, Ji).

One may, without loss of generality assume that K+ P. The exponent of E then divides
the order of all non-unit elements of I". Under this hypothesis, however, it was proved in
§2 that for any factor system ¢ in F(I, E), the power factors ¢*(y) and the commutator
factors ¢y (7, 8), for all y, § e I depend solely on the class ¢ of ¢, and in turn uniquely determine
this class. This trivially remains true if K = P. A characterization of u¢ = ¢ will then be
given in terms of the factors ¢*(y), ¢4 (7,9). "

TueoreM 2. Let P be a finite algebraic number field

(1) If $®(P), and We J, then
[R4] (M) = 4N 20)- (+1)
The sequencet of homomorphisms
T;: 1->O(K/P)—>®(P) SO(NyjpJy) > 1
is exact. The mapping sy — Ry, for all € V(K| P) setsup acanonical isomorphism of ¥'(K/P) |O(K/P)
onto RY(K/P) in accordance with (4-1). '
(ii) A character ¢ in ®(K) will lie in ®(A/K) if and only if
p(A) = g(AA) =1 | (4-2)
Sor all We Ty, and all y e T'. ®(A[K) is thus the subgroup of ®(K) of characters taking value 1 on My.
The sequence of homomorphisms
Ty 1-®(A/K)—»O(K) 5 O(M,) 1
15 exact.

t The mapping ®(K/P) -~ ®(P) in T is the injection mapping, and the same is true for the second
homomorphisms in Ty, Ts.

50-2
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396 A. FROHLICH ON THE
(iii) Let y,0 be any two given elements of T". Then there exist ae Jy,, ae Vy,, and N,,,B; . € Jy
such that (K/K,; a) =7, (4-3)
Ngx, N, = a™, n, = ordery, (4-4)
Ng/wyBs,y, = da.a"l.a. (4+5)
Let ¢eD(A/K), up=-c.
Then for all U, satisfying (4-4), (4-3) for some a.e Jx,
P(A,) = c*(7) (4-6)
provided that y + 1, and for all B, satisfying (4-5), (4-3) with some a e Jy,
$(Bs,y) = ¢x(9,7)- (4:7)

For all ¢e(I)(A/K) and all y, 0 € I there exist idéles ., B, , in Ly satisfying (4-6), (4-7). For all
¢e®(A/K), r,¢ lies in O(Ly/My), and the sequence of homomorphisms

Ty: 1->RY(K/P)>®(A/K) BO(L /M) —~1

is exact. The mapping r;¢—>up = ¢, set up by (4-6), (4-7) of W, B, , € Ly, for all y,0eT" is an
isomorphism of ®(Ly|My) onto A(K).

Theorem 2 thus characterizes ®(A/K) by (4:2) as indicated, and 4(K) essentially as the
group O(Ly/My) of restricted idele class characters. The interpretation of the mappings
R and u is given in (4-1), and in (4-3) to (47), respectively.

Proof. (4-1) follows by the norm formula for Artin symbols:
(A/K;A) = (A/P; Nepp)  if A=Ky, ¢ = Rg).

The remainder of (i) follows by the interpretation of ®(K/P) as a group of idéle class
characters (cf. §1), and by the fundamental theorem of class-field theory (cf. Chevalley
10940). _

For (ii) we observe that if e ®(A/K), A = K then A is a central extension of K over P,
and (A:K) divides . Therefore for all We Jy, all ye I’

(A/K; W) = (A/K;yAA) =

and so ¢ satisfies (4-2). Conversely, if (4-2) holds, then—for K¢ = A—so do the equations
on Artin symbols given here, and so A is normal over P, and (A:K) divides /, i.e.
AeC(K/P), pe®(A/K). The rest of (ii) follows from this characterization of O(A/K).
We note that as a consequence 7, ¢ e ®(L,/My), for all ¢e(I)(A/K) so that 7; is certainly
a homomorphism into ®(L,/M).

To establish (iii) we choose for given ¢ e ®(A/K), a factor system « in the operative class
of Ky/K/P. Ify,0e T, y +1, and if 7,0 are any representatives of these elements in I'(Ky/P),
then we have for the commutator (8,7) = §-1y-18y the formula

( ,}’) =d*( :7’)9 (4‘8)
and for y»—where n, is the order of y—the formula

7 = a*(y). (4:9)
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Now let p be a finite prime divisor in P, non-ramified in K, such that (K/P; p) = 7.
Such a prime divisor will always exist. Any prime divisor P in K, lying above p satisfies
(K/K,; PB) =y. Let a be an idéle in K, which is of order 1 at B, and haslocal components
aq = 1, for all prime divisors Q in K, distinct from . Then q satisfies (43), and A, = a
satisfies (4:4). Also if deI', (K/K,;da.a™!) =1, and so for some ae Vi, B; ., € Jx (4°5)
will hold.

Assume now that 9, satisfies (4:4), (4-3). As K, is a central extension of K over P, and as
KJ/K, is cyclic, K is an Abelian extension of K,. There thus exists a representativey of y in

[(K,4/K,) such that (K4/K,; a) =7. Then (K,;/K; U,) = (Ky/K,; a™) and so
(Ky/K; U,,) = ym. (4:10)

Assume that B, , satisfies (4-5), (4:3). As before we get (K,/K,; ax) = (K,;/K,;a) =7 and
hence (K4/K,; da.a7!.a) = (4,7). Thus

(K¢/K; %8,7) = (S, 7) (4"11)

Finally, using ¢(ax(,7)) = cx(8,7), $(a*(2)) = ¢*(y) when ¢ — ug, (6), (47) follow by
(4-8) to (4-11).

We have seen that (4:3) to (4-5) implies (4+6), (4-7). Also the existence of idéles
satisfying (4:3) to (4-5) has been established. But any such ideles will lie in Ly, and so
there exist for all e ®(A/K), and for all y, e I idéles in L, satisfying (4:6), (47). The case
y = 1, which was excluded, is trivial.

We have already seen that 7, is a homomorphism into ®(L,/My). Assume now that
Ae®(Ly/My). Then A =r; ¢, for some peD(K). But A(A) =1 if e My. Also MycLy.
Therefore ¢(A) = 1 if e My, and hence by (ii) ¢ D(A/K). Thus 7, is a homomorphism
of ®(A/K) onto ®(L,/My).

Let yeV(K/P) and WeL,. Then Ng,,WeJbVpn NgpJy, and so ¢ (Ng,p¥A) =1,
hence by (4-1) [Ry] (W) = 1. Thus R¥'(K/P) lies in the kernel of 7, in ®(A/K). Conversely,
assume that for g D(A/K), r,¢ = 1. If then the ideles B, ,,, A, (¥ + 1) satisfy (4:3) to (4:5)
they will lie in Ly, and hence

¢(QI)/) = ¢(236,'y) =L

But %, satisfies (4:6), B, , satisfies (4-7). Hence for ¢ = ug we get ¢*(y) = ¢4 (7,0) =1 and
this is true for all y, e I". Thus ug = 1, and hence by theorem 1 g R¥(K/P). Thus T3 is
exact; this, however, implies that the mapping r;¢—>up defines an isomorphism of

O(Ly/My) onto A(K).

5. KUMMER INTERPRETATION.

In the present section a special situation will be considered. It will be assumed—in this
section only—that P is a field of characteristic zero (or of characteristic prime to /) con-
taining the primitive /th roots of unity, and an interpretation of the invariants associated
with C(K/P) in terms of ‘Kummer’ invariants will be derived. Whenever the hypothesis
made here applies, the results of §§ 7 to 12 can then be interpreted as providing a rational
determination of certain Kummer invariants in K. Apart from this, the subject matter of
this section has no direct bearing on the rest of the paper, and will not be used elsewhere.

+ The interpretation of invariants in which we are mainly interested is that discussed in §4.
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We shall not discuss all aspects of the ‘ Kummer interpretation’ in detail. A detailed treat-
ment of this problem for relatively Abelian extensions in general has—from a slightly
different point of view—been given in Hasse (1947).

Denote the multiplicative group of a field M containing P again by Vy; if M’ is an exten-
sion field denote the subgroup of V. of elements whose /th powers lie in M by W(M'/M).
Throughout this section, whenever W is a subgroup of the group Vy; for some field M,
and Qis a Galois group of M over some subfield, the operation of {2 on W is supposed to be
induced by the operation of {2 as Galois group of M. Homomorphisms are taken as operator
homomorphisms, and the groups F(Q, W), F(Q, W) are defined with respect to the given
realization of () by automorphisms of W—which, in this section, need not be the trivial one.

If E’ is the group of /th roots of unity, the group I' will leave E" as a subgroup of V,
element-wise fixed. We can thus identify E’ with E, and take over without change the
definitions and results of § 3.1

Assume again that the field M contains P, and so contains E. If M’ is an Abelian extension
of M, then we define for all Ae W(M’'/M) a function ¢, on I'(M'/M) by

O,(y) =yA.A71, forall ye'(M'/M). (5-1)

0, is a character in ®(M'/M). Denoting the subgroup of characters ¢ in ®(M'/M) with
¢ =1 by ®,(M'/M), we verify easily that the mapping A—0, is a homomorphism of
W(M'/M) onto ®,(M'/M) with kernel V. We denote the isomorphism of W(M'/M)/V,
onto @y»(M'/M) induced by the mapping A—0, by zy/y.

The group W(K/P)/V, is a subgroup of W(K/P)/V,; denote the injection mapping by I".
Also W(K/P) = W(A/K); hence the mapping AV, — AVy, for all Ae W(K/P) defines a
homomorphism of W(K/P)/V, into W(A/K)/V, to be denoted by R'.

Next let Ae W(A/K), and let I be a complete set of representatives of I'in I'; we denote
the representative of y by . The field K(A) is a cyclic extension of K and a subfield of A
and hence lies in €(K/P). K(A) is thus a central extension of K over P. It follows that if

ye I, then db(y) € Vi with A — b(y) A. (52)
By direct calculation we then obtain for all y,de T’

P31Y0A = c\(,98) A, (5-3)
where cu(7,0) e E (5-4)

as y0-1y0e I'.. Also, as E =V, we have yc,(7,8) = ¢,(7,9), and so

ca(7,8) = b(y) .vb(9) . (6(y9)) 7. (5°5)

It follows by (5'4), (5:5) that ¢, e F(I', E). Replacing A by Ap,feV;, will not affect ¢,,
and replacing I'V by another set of representatives will not affect ¢,. Thus ¢, solely depends
on the coset AV;. The mapping AV, —¢, thus defines a homomorphism of W(A/K)/V,
into F(T, E), denoted by ' '

1 We note in particular that the ‘new’ definition of F(T, E) coincides with the ‘old’ one, and that this
convention leaves the types in F(T', E) invariant, as pointed out in §2.

1 For proofs of these results when M’/M is finite see, for example, Hasse (1947). The proofs immediately
extend to the infinite case.
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Observe now that F(I, E) is a subgroup of F(I',V;). The class in F(T', V) of an element
of F(I', E) solely depends on its class in F(I', E). The mapping of the classes in F(I', E)
onto the classes in F(I',7;) of their representatives in F(T', E) is a homomorphism which
will here be denoted by y. Finally, denote the injection mapping of 4(K) in F(T', E) by x.
Then we have |

THEOREM 3. (i) The image group of u' is A(K), and the sequence
§': 1>W(EK/P)/V, L WEP)V, & W(AK) Ve AK) -1

is exact. Also the sequence
| T: A(K)SF(T,E) % F(T,V,)
15 exact.
(ii) The diagramt
W(K/P)/V, > W(K/P)/ V= W(K/K)/Vk\u,

Zg/p Zg/p Zx/x A(K)

Oo(K/P) L Wy(K/P) % mew//

is commutative.

Proof. Let a be a factor system in the operative class of A/K/P, corresponding to the set
I of representatives which was used to define 4(y) in (5-2). Then y6-178 = a(y,8) and so
for all geD(A/K), (y6-170) = ¢(a(y,d)), while in particular from (5-1), (5-3)

O5(y37178) = cs(,9).
It follows that Cp = ull,. (5-6)

Thus #' (AV,) = uzg,(AV) for all Ae W(A/K). Hence, first, the image group of «' is
A(K), and secondly, the relation «" = uz,,, holds. The remaining relations

! 4
zgipl’ = Izgjp, zzx R’ = Rzg)p

in (ii) follow easily from the definition of the mappings involved. That the sequence $* is
exact follows now from (ii) and from theorem 1.

It remains to be shown that A(K) is the kernel in F(I', E) of the mapping y. Let ¢e 4(K);
then by what was just proved ¢ has a representative ¢, of form (5-5). But this implies that
the class of ¢, in F(I',7;) is the unit class, and so y¢ = 1. Conversely, assume that y¢ = 1.
Then for any representative ¢ of ¢ in F(I', E), there exists a mapping 4: I'— Vy such that

¢(y,0) = b(y).yb(d).(b(y,0))"Y, for all y,del (5:7)
Also c(y,0)eE,
i.e. (¢(y,0)) =1, forally,del (5-8)
Put (7)) = b(»).

T Ou(K/P), ¥, (K/P) are the subgroups of ®(K/P), and of W(K/P) of elements ¢ with ¢'=1. The
restriction of J, R to these subgroups is again denoted by the same symbols.

1 A diagram of mappings is commutative, if any resultant homomorphism solely depends on the ‘end
points’, but not on the ‘path’ chosen.
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By (57), (5-8) |

b(y).y(8).(b6(y,8))" ' =1, forally,del (5:9)
By E. Noether’s theorem (cf. Chevalley 1954, p 8), (5+9) implies the existence of an element
@ in Vi with ya.a~l =5(y), for all yeT. (5-10)

Put A’ = a. Then (K(A):K) | /; also by (5:10) ya.a"1e VE, and so K(A) is a central extension

of K over P. Thus K(A) e €(K/P), and hence Ae W(A/K). It is now easily seen that c,¢~!
is the unit class in F(T', E), i.e. that ¢ = ¢, € 4(K).

6. THE ASSOCIATED LOCAL SEQUENCES

The notation is the same asin § 3. P will from now on be taken as a finite algebraic number
field. Let p be a prime divisor in P, and let Py be the p-adic completion of P. K, is the
composite field extension KPy of Py. On the other hand, A, is defined directly asin §2,
as the union of fields in €(Ky/Py) ; a similar notation, using the subscript p, is employed as
regards the groups and homomorphisms associated with €(Ky/Pp). The field A, will contain
AP, butneed not coincide with this field. We note that together with the sequence Sg/p = S
of theorem 1, the sequence Sx,/p, = Sp also will be exact.

P is considered as a joint subfield of A and Ay. There then exists an isomorphismt ¢ of A
into Ay leaving P element-wise fixed; if # is another such isomorphism, then ~1# e T'. The
mapping T defined by T(y) = -1yt for all ye I'y is a homomorphism of Ty into I, unique
to within inner automorphisms of I'. Write T* for the restriction of 7" to I'(A»/Ky), and for
M = K,K define the mapping T of I'(My/Py) into I'(M/P) by Ty (yT(Ap/Mp) = T(y) Ty
These mappings are properly defined, as tK = Ky, tK =K} and so

TT(Ap/Kp) €T, TT(Ay/Ky) =T

We note for future reference that the completion of ¢(K is Ky, whence the kernel of T lies in
['(Ay/Kp). Ty is thus an isomorphism into I'(K/P) and the inverse image under 7 of I,
lies in I'(Ap/Ky). Equivalently we could have defined T, directly in terms of the restriction
ty of t to M. We note that 7* and T, are uniquely determined} by p.

The formula ¢@y(y) = ¢(Ty(y)), for all yeI'(My/Py), defines corresponding to each
character ¢ of ®(M/P) a character ¢, of ®(M,/Ps); here M is one of the symbols K, K. The
mapping ¢—dy is a homomorphism, and as 73, was uniquely determined by p, so is this
homomorphism. We note that if ¢ and ¢, are interpreted as class-group characters, then
@y is precisely the p-component of ¢ in the sense of class-field theory.

If e ®(A/K), then the equation gp(y) = ¢(T*(y)) for all ye I'(Ay/Ky) defines a character
¢ in ®(Ay/Ky). The mapping ¢ — gy of ®(A/K) into ®(Ay/Ky) is a homomorphism, uniquely
determined by p. To obtain a class-field interpretation of this mapping we observe that the
restriction £, of ¢ to K can be extended to a value isomorphism #p of the -adic completion
Kg of K onto Kj, the prime divisor 8 lying above p, and we can obtain such an isomorphism
tp for each prime divisor P in K, lying above p, by a suitable choice of z. We then have for
all e ®(A/K), and for all ideles a in K, ¢(ap) = dp(fp(ap)).

T ¢ operates on the left.

1 A mapping is said to be uniquely determined by p, if it solely depends on p, and of course on K, but
not on the choice of £.
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Finally, let ce F(I', E). Then the equations

cp(7,0) = ¢(Tx(y), Tx(9)), ally,dely

define an element ¢pe F(I'y, E). Furthermore, ¢, depends solely on ¢, and ¢—>¢p is a homo-
morphism of F(T', E) into F(I'y, E) uniquely determined by p. One can again interpret
this mapping in terms of the idéle group J of P. In factif, ¢y are considered as factor systems
of J, and of the multiplicative group of Py, as in the concluding remarks of § 3, thent

for all a,beJ cp(ap, bp) = c(ap, by).

One can also deﬁne‘ ¢p directly as a factor system of J by
(0, 5) = ¢(ap, by).
- For the purpose of stating the following theorem, denote by s, the mapping of
F(IE)—F(Iy,E)
given by the rule ¢y, and by vy, Uy, v3, respectively, the three mappings
O(K/P) >®(Ky/Py), 'F(K/P)>F(Ky/Py), D(A/K)->D(Ap/Ky)
given by the rule ¢ - g,. Then we have
THaEOREM 4. The diagram
O(K/P) - ¥(K/P) & O(A/K) 4 A(K)
l Up l Ty l vy l Sp

O(Kp/Py) 2 ¥(Ky/Py) 22 0(Ry/Ky) 3 A(Ky)

15 commutative.

Proof. The first commutativity relation vp/ = Ipvy is trivial. Next let
yeF(K/P), yeDl(Ay/Ky).
Then

[0 Ry] (y) = [RY](T*(7)) = ¢(T*(») Te) = ¥(T(2) T) = $(Tx(rT(As/Ks))
= [3¢] ()T (As/Kyp)) = [RoTp¥] (7).
It follows that v R = Ryy.
Let now ap be a representative of a(Ky) in F(I'y, I‘(K,,/Kp)_). One can assume that ay
corresponds to the complete set I'y of representatives of I'y in I'y (cf. §2). As the | mapping
Ty is biunique the images under 7" of distinct elements in I'y lie in distinct cosets of I'mod I'.

Hence, T'maps Iy biuniquely into a complete set I of representatives of I'in I'. Let a be
the factor system in F(I", I';) corresponding to I'". Then, first, @ = g(K), and in the second

place Tan(r, ) = a(Te(y), Te(d)),
whence also T*(ap(y,9)) = a(Tx(y), Tx(9)), for all y,0el%. (6-1)
Put for ¢ e®(A/K), and for all y,,y,€ T, ¢(y,,75) = #(a(y1,72)). Then ¢ = ug.

T Here as already earlier on we identify the p cémponent ap of an idéle a with the corresponding element

in P
b
1 The meaning of the symbols Ip, Ry, up is the obvious one.

51 VoL. 251. A,
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Write ¢p(y,0) = ¢(Tx(y), T (9)), for all y,de . (6-2)

Then ¢p = spugd. But by (6-1)
cp(7,0) = $(T™(as(7,9))),
which implies ¢y = upv}§ ¢. Theorem 4 is thus established.
Let X(P) be the groupt of residue characters modulo finite divisors in P. If ge®(P),
and if G is the set of finite prime divisors in P ramified at ¢, denote by w¢ the restriction of
IG'[¢,, to the group of numbers which are units at all prime divisors of G. w is then a homo-

morphism of ®(P) into X(P). Next, if ¢pe ®(Py), denote the restriction of ¢y to the units

at p by wpdy. If gy is considered as a character of a Galois group, wy @y is its restriction to the

inertia group. The operators w and wy are then connected by the equation w¢ = [T wy Py
G

for all e ®(P).

In a similar manner define for any prime divisor p in Pand for all ¢, e ®(Ay/Ky) characters
Wy Py, either as the restriction of ¢y to the units of Ky, or as the restriction to theinertia group
T(Ay/Kp) in T'(Ay/Ky). Define the character rpwy iy, for ¢rpe ¥'(Ky/Py) by

[rowe o] (¥) = [wo ] (?’P(Kv/Kv),
for all ye T(Ay/Ks). Then 7, is a homomorphism of wy ¥ (Ky/Py) into w,®(Ay/Ky), and
wap == Tp wp. (6'3)

Once the results of this section have been established the notation to be used in the
remainder of this paper can be simplified. Thus, no use will be made of the symbols vy, sp,
etc., occurring in theorem 4 and instead the p-component of a character or factor-system
class f will simply be denoted by f,. Also, throughout, the symbol wy¢ will be used for the
restrictions of ¢ to the units at p, or at the prime divisors lying above p, whether ¢ e ®(M),
or peD(M,), for M = P or M = K. No confusion can arise as in each case it will be clear on
which characters the operator wy is defined.

7. THE EXACT SEQUENCE WITH RATIONAL BASE FIELD

The preceding sections have prepared the formal apparatus which will now be applied
to the case when P is the rational field. Our aim is a determination of €(K/P) in terms of
the rational field. More precisely, having shown in §§3, 6, how the structure of €(K/P)
is described in terms of formal invariants, we shall want to derive a rational determination
of these invariants. By a determination of groups which appear as such description in-
variants one has to understand of course not just their determination as abstract groups,
but an algebraic or arithmetic characterization as concrete groups, i.e. groups of characters
or factor-system classes, which among other things would enable one in each case to find the
abstract group structure. Thus theorems 6 and 7 determine 4(K) not as an abstract group
but as a subgroup of (T, E) given by certain relations. For the group ®(A/K) the structure
problem is in any case trivial; this group is the direct product of X, groups of order /; what
one should have in mind is rather an explicit representation of the elements ¢ of ®(A/K),
which—to give an example—will make it possible to determine for each ¢ the element ug
and thus the operative type for K,;/K/P.

T With the appropriate convention of equality the residue characters form a group.
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The field K is given only as a class field of P, e.g. in terms of ®(K/P). We cannot assume
any further information on K. With ®(K/P), however, the group W(K/P) and the injection
mapping I are known as well. Here again, we ‘know’ these groups not merely as abstract
groups, but as groups of idéle class characters with given algebraic and arithmetical pro-
perties. Similarly, the operator R,and its image group, can be taken as known; for if ¢ = Ry,
then K; is a class field of P with character group [O(K/P), y]. Finally, the group I'is ex-
plicitly given, e.g. by the Artin reciprocity mapping, and hence F(I, E) is given. Similar
remarks apply to the corresponding local invariants.

Theorem 1 implies the existence of a group ®* such thatf ®(A/K) = ®* x R¥(K/P),
®* ~ A(K). This purely formal observation is, however, useless here ; thereis, exceptinspecial
cases, no unique canonical procedure to define such a group ®* for any given field K. Instead
we shall associate with each field K an arithmetically significant finite subgroup ®*(A/K)
of ®(A/K) which, however, does not quite possess the simple formal properties postulated
above. '

Denote by G the set of finite prime divisors in P which are ramified in K, and by F the
set of finite prime divisors in P which are non-ramifield in K. Let ®*(P), ®*(K/P), and
¥*(K/P) be the subgroups of ®(P), ®(K/P) and ¥(K/P), respectively, of characters ¢
which are non-ramified at the prime divisors in F, and let @, (P), @, (K/P), ¥, (K/P) be
the corresponding subgroups of characters ¢ which are not ramified at the prime divisors

in G. Then we have O(P) = B, (P) xO*(P), (71)

®,(K/P) =1, O*K/P)=®(K/P). (7-2)

The decomposition (7-1) remains true if we replace all groups by the corresponding
maximal subgroups of exponent /. By (7-2) we then get also

Y(K/P) = ¥, (K/P) x ¥*(K/P). : (7-3)

Denote by G and F the sets of prime divisors in K lying above those in G, and F, respec-
tively. For ®(A/K) a decomposition by precisely the same method as that used above will
in general not be possible. In fact, if we were to define @, (K), ®*(K) in analogy to @, (P),
®*(P), neither of the relation @, (K)®*(K) = ®(K), ®*(K) n P, (K) =1 need hold. We
define in fact ®*(A/K) as the subgroup of characters in ®(A/K) which are non-ramified at
all prime divisors in F. The second component of our decomposition is then given by the
group @, (A/K) = RY, (K/P).

Next write u®y(A/K) = 4, (K), u®*(A/K) = 4*(K). We denote the restrictions of a
mapping g: B—>C, to the direct components B,, and B* by g, and g¥, respectively, and

define g4 X g% by g4 X g% (b4 .0%) = g4 (b4) .8*(5%).
THEOREM 5
(1) {q)(K/P) =0, (K/P) x®*(K/P), W(K/P) =T (K/P)x¥*(K/P),
D(A/K) = Dy (AJK) xO*(A/K), A(K) = 44 (K) x 4*(K).
(ii) &*(K/P) =®(K/P), A4*(K)=A(K), ®.(K/P)=1, A4.(K)=1.

(i) [=Iy xI*, R=RyxR* u=uyxu*
1 A x B stands for the direct product of groups 4 and B.

51-2
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(iv) The sequences of homomorphisms
Sxt 10y (K/P) 5 Wy (K/P) B0y (A/K) > 4, (K) -1,
§*:  150%(K/P) & W+ (K/P) Bd* (A/K) 5 4% (K) > 1
are exact. :
From the theorem one gets immediately the following important corollaries:

CoRrOLLARY 1. If there exists a field Ae €(K/P) with given operative factor-system type, then there
also exists such a field whose discriminant is divisible only by the discriminant prime divisors of K and
by no other primes.

CoROLLARY 2. The sequence of homomorphisms
| 1>V, (K/P) B0, (A/K)—>1
is exact. The sequence of homomorphisms
1>0*(A/K) S A(K)—~1
is exact, if and only if O(K/P) = ¥*(K/P).
Proof of theorem 5. It will be shown that
D, (A/K) n 0*(A/K) = 1, (7-4)
D, (A/K) *(A/K) = O(A/K). (7°5)

Once (7+4), (7-5) are established, we see by theorem 1 that u®,(A/K) = 4,(K) = 1.
(i), (ii), (iii) follow then by using also (7-1) to (7-3). Finally, it is easily verified that the
mappings f4 and f* can be considered as homomorphisms into ‘lower star’, and ‘upper
star’ groups respectively. (iv) then follows by (i) to (iii) and theorem 1.

To prove (7-4) it will be shown first that if p € F, then

wy V(Kyp/Pp) = wp Ry F(Kp/Py), (7-6)

the isomorphism being induced by the mapping rp defined at the end of §6. In fact the
kernel of , is the group wy®(Ky/Pp). But as p is non-ramified in K this is the unit group, and
so (7-6) follows.

Assume now that ¥ e ¥, (K/P), and that Ry e ®* (A/K). We shall see that ¢ = 1; a fortiori
Ry =1, and so (7-4) holds. By the hypothesis on Ry, this character is not ramified at any
prime divisor in F. Therefore, by (7-6) ¥ is not ramified at any prime divisor in . But as
e ¥ (K/P), ¥ is not ramified at any prime divisor in G. Thus ¢ is a character in ®(P),
non-ramified at every finite prime divisor. Therefore y = 1.

The most important and difficult step in the proof of theorem 5 is the proof of (7:5).
Here use will be made of the theory of fields of class two (cf. Frohlich 1954). Let, for any
finite rational integral divisor m, K(m) be the maximal Abelian field mod mp,, whose degree
is some power of /, and let whenever (2¢+1, m) = 2!, with ¢ = 0, or 24, M(m) be the (unique)
maximal field of class two with maximal Abelian subfield K(m) as defined by Froéhlich
(1954, theorem 4).

Let now ¢e®(A/K). Denote by Fy the set of all prime divisors in F which are ramified
at ¢; these are the finite prime divisors ramified in K,/K, but not in K/P. Let F; be the set
of prime divisors in Plying below those in ;. Then (Frohlich 1954, p. 241) K, will be a sub-
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field of some field M(m). If m = m'm”, and if all prime divisors contained in m" lie outside
G v F,, then K will also be a subfield of M(m’) (Frohlich 1954, p. 241). One may thus
write m = m,; ™y, where m, is a product of divisors in G, and m, is a product of divisors in F;.

The field K is a central extension? of K over P, whence K;K(m,) is a central extension
of K(m,) over P, contained in M(m). The maximal central extension of K(m;) over P in
M(m) is however the field M(m,) K(m). Writing Rg/xm, ¢ = ¢, we get

$ =014y $r1e@Mm,)/Km,)), ¢eD(K(m)/K(m,)).
As K(m) is the product of the two independent Abelian fields K(m,) and K(m,) it follows
that @y = Rpxmp¥a ¥2€P@(K(m,)/P). The kernel of Ry, is ®(K(m,)/P). But as
®O(K(m,)/P) n ®(K(m,)/P) = 1, it follows that the order of ¢, = order of ¥,. On the other
hand K(m,) is the maximal Abelian subfield of M(m,) and so
O(K(m)/K(m,)) n O(M(m,)/K(m,)) = 1.
Hence, the order of ¢, is a divisor of the order of #, and hence is a divisor of the order of ¢.
We conclude that 9% = 1. As no prime divisor in G is contained in m, we conclude that
Y€ Vi (K/P). Write Ry ¥, = @5, then 4,e®y (A/K) and ¢ = ¢, ¢,, where Ryjxmy 1 = 41
Finally, observe that by the definition of ¢;, no prime divisor in F'is ramified in
(K(my))z, = K(my) Ky,

The same is then true for the field K, , and so ¢, e ®* (A/K). It has thus been proved that
every character ¢ in ®(A/K) has a decomposition ¢ = ¢, ¢, in accordance with (7-5).

8. THE INVARIANT CRITERION FOR A(K)
The theorem established in § 7, reduces our problem to that of determining the unknown
‘part’ ®*(A/K) 2 4*(K) of the sequence S*.
Denote the finite part of the conductor of K by f'and write

Sr=r i (f) =1, (81a)
Sr=fl if 2+] and I|f, orif 2=1[ and 8|f, (8-15)
S*¥*=f1? if 2=1[ and (8,f)=4. (8:1¢)
Put A* = A ~n M(f*); then it will be shown that
O(A*/K) = d*(A/K). , (8-2)

Let A’ be the subfield of A belonging to ®*(A/K) ; we have to prove that A’ = A*, In the
first place, A* = A. Also, the prime divisors in F are non-ramified in M(/*)/K, and a_fortiori
in A*/K. Therefore ®(A*/K) c®*(A/K), i.e. A¥ < A’

For the converse, let ¢ e @*(A/K). Then K, < M(m) for some m. By an argument already
used in § 7, one may take m to be a product of prime divisors in G; and as K< M(m), we

have f|m. Put . IIps (5>0, pprime), m = T[p5"(r,20).

Ifnow p, # 1, then s; = 1, and K(m'p?) = K(m'p,) for all m’, whence also M(m'p?) = M(m'p,).
One may thus assume f=1U1fy, m=lf, (,f) =1 (83)
T See footnote §, p. 390.
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We shall see that in all cases we may take m = f*. This then implies A’ = M(f*),1.e. A’ = A*.

In fact, if ¢ = 0, then by the previous convention r = 0, and so m = f*. Otherwise we have

qz2. Putf' =1 if [+2, orif 8] f, and put f' = f1, if [ = 2, (8, f) = 4. Then K(f’) 2K,

and K ;K(f") is a central extension of K(f’) over P whose relative degree divides /. But

(Frohlich 1954, theorem 5, 7) this implies K;K(f') = M(If") ; i.e. we may take m = [f = f*.
Using (8-2) and the homomorphism «* one can now derive the group 4(K).

THEOREM 6. In order that the class ¢ of a factor system ¢ in F(L, E) lie in A(K) it is necessary
and sufficient that

A. Whenever p | f; p=1 (modl), then
(1) IdI ¢y(a, @) = c,(a,p) (c,(p,a))~" for all rational idéles a which are units at p. If 2| f,
7 mod p—1
then

(i) TI eo(—1,(=1)7) = ¢y(5,2) (5(2,5)) 7"

r mod 2
B. If p is of ramification order I in K, then an equivalent relation to (i) is
(ia) cf(a)p=1" = ¢y (a, p), and an equivalent relation to (ii) is
(iia) ¢F(—1) = c49(5,2), where cf is the power factor system, and c, the commutator factor
system associatedt with c,.

Remarks 1. In (i), (ia), it suffices to take as the range of a the set of all rationals, prime to p.
Moreover, if a, is a primitive root mod p then it is necessary and sufficient to satisfy (i), or
(ia) for a = a, only. In fact if (i) or (ia) holds for all a in the given range, it will hold for
a = a,; conversely, if the equations are satisfied for a,, then they also hold for all powers of
a,; but as ¢(a, p) solely depends on amod p, it follows that (i) and (ia) will hold for all a in
the given range.

Proof of theorem 6. Write K* = K(f*), I'* = I'(K*/P). For each prime p, K} will denote
the inertia field of p in K*. K*@ is the unique cyclic field whose conductor is 2! for which
—1 is the total norm residue in P, i.e. K*® is the unique real field of degree 2:-2, whose
discriminant is a power of 2. Here 2/ = (f*,2¢1). K*® and P(,/—1) are subfields of K*
if 2| f. Let for p=1 (mod/), a, be a primitive root mod p. Write for all p

for p=1 ( dl),ﬁlf
Ce (57) = o2, 850
for 1]/, 1+ O (5:51)
7 =07,
for2v|f 5K . (—LK¥ ’
()=t (5 )=t o

Then for p + 2, K¥ is the invariant field of [¢}], and for 2| f, K§ P(/—1) is the invariant
field of [¢¥], K§ K*®1is the invariant field of [¢§]. The group I'* has the basis ¢, the symbol

t As noted in §2, ¢ uniquely determines the pair ¢, ¢* and vice versa.
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¢ having always as its domain of values the odd primes p dividing f, and if 2 | f the symbols
4 and 8. A complete set of defining relationst of I'* is

I'* is Abelian, order I'* is a power of /. (8-6)

ofp1=1 if p=1 (modl), (8-7a)

ofFTt =1 if 2%I|f, (B, [f*) =¥, (8-7b)

TN e gy @ =0 oo
1 * = 2%,

oErt =1 ’ ’ (8-7d)

We now turn to the Galois group Q = I'(M(f*)/T") (cf. Frohlich 1954, theorem 4).1 K* is
the invariant field of the commutator group§ (€2, Q2). Denote the coset of win Q/(Q, Q) = I'*
by w*. Let for each symbol ¢, 7, be an element of () whose coset is ¢}, and which lies in a
p-inertia group || of €, if p is the prime dividing ¢. Then the elements o, generate {2 with

defining relations (Q,(Q,Q) =1 (8-8)
Order Qis a power of /, (8-9)
1 = (0,,0,) if p=1 (modl), (8:10a)
o t=1 if 2+I|f, (FL[f*) =1, (8:100)
0% = (05, ‘02)} . (8:10¢)
f 2 2x+l’ *) — 9%,

Here w, is any representative in Q of the element vy of I'*, determined by (8-4).

Let now K and A* respectively be the invariant fields of subgroups A and Z of Q. A con-
tains (Q, ), and the group A* = A/(Q, Q) is, as a subgroup of I'*¥, given by the character
group ®(K/P) of I = I"*/A*. Hence, using (88) to (8:10), A is uniquely determined as a
subgroup of Q by the given character group ®(K/P) only. It will furthermore be shown that

2 =AN(AQ). (8-11)
In fact let A’ be the invariant field of the latter group. As A/AY(A, Q) is Abelian of exponent
1 or /, A’ is composed of cyclic extensions A of K of relative degree 1 or /, and as each such
field A is fixed under (A,Q), A is a central extension of K over P. Therefore Ae C(K/P),
and A’ = A*. Conversely, the exponent of I'(A*/K) is 1 or /, and so A* is fixed under A;
also A* as a central extension of K over Pis fixed under (A, Q2). Hence A* = A’, and so finally
A* = A

Denote the coset of an element w in Q moduloA by " and modulo X by w. The group
Q = Q/Z is then generated by the elements o,. The subgroup A = A/ is determined by}t

A=2(Q,Q); and weA ifandonlyif ¢(w*) =1, forall ge®K/P). (8:12)

1 The following relations can be expressed explicitly as relations in the generators. The given form has
been chosen for convenience. A similar remark applies at other places in this section.

1 In applying the results of Frohlich (1954) certain changes in notation are to be kept in mind. In
particular, the elements of Galois groups are now written as left operators and so the order of multiplication
has been reversed.

§ In any group Q the commutator w—ly~lwy will be denoted by (w, 7), and if A, X are non-empty subsets
of Q, the subgroup of Q generated by the elements (6, o), for all deA, all ceZ will be denoted by (A, X).

|l A p-inertia group in Q is the inertia group of some prime divisor P in M(f*) lying above p.

€I A remark similar to that in footnote 1 applies here.

11 See footnote t.
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Q has the defining relationst (8-12), and
Al=1, (8:13)
(A, Q) =1, (8:14)

together with relations (8:8) to (8:10), obtained from (8-8) to (8:10) by replacing v by w.
(8:13), (8:14) follow from (8:11). Now (8-8) follows from (8:12), (8:14), (8-9) from (8:12),
(8-18). If 2+/|f*, then f* =[f by (6:1). Hence ¢(¢***) =1, for all geD(K/P), as
(I, f) = I=-1. Hence (8:105) follows from (8:12), (8-13), and the same can be shown for
(8:10d). We conclude that (8:104), (8:10¢) and (8:12) to (8:14) represent a complete set
of defining relations of Q. ’

Let now a be a factor system in the operative class for A*/K/P. One may assume that
for some basis g = [y}, ...,7,] of T, a is given in the normal form (2:9). Let A, be the
subgroup of A generated by the elements a(w’, ') forallo’,y’ e I' = Q/A. Then A isgenerated
by the elements a(y;,7;71), a(yi, ;) (¢<j), and we have:

(i) I'acts trivially on A, (by (8-14)),
(i) AL =1 (by (8:13)),

(i) TI  a(o)oy) = a(opep) (a(whyap))t if p=1 (modl),
r mod p—1
11 o(c}, o) = alo},05) (a(0}, 07)) ",

where for all p, ), is a representative of w,, and so w, = (p, K/p). ((iii) follows from (8-10a),
(8-10¢) using the relations

(@,7) = a(e',y") (@, o)™, @@= II a(@,0”) if o*=1)

rmod s

(iv) The elements in A, satisfy (2-9). As indicated, (i) to (iv) follow from the defining
relations of €2, and moreover (i) to (iv) together with a set of equations

() 7, = TT7iss
giving the representation of the elements ¢ of I' in terms of the given basis g, provide a
complete restatement of the defining relations of Q as far as they affect A,. A, is thus the
group generated by the elements a(y;,yi™!), a(y,7;) (i<j), with defining relations (ii) to
(iv), the elements occurring in (iii) being expressed in terms of the generators by using (v).

Let now ce Fy(I', E). We consider the group E, generated by the elements ¢(o’,7’),
i.e. by the elements ¢(y;, 7: ™), ¢(¥:,7;) (¢<j). Then

(ii") EL=1.

(iv") The elements of E, satisfy (2-9).

Let e ®*(A/K). The function ¢a, defined by da(e’,y’) = ¢(a(w’,y’)) for all o',7' €T is
an elementof F4(I', E). Puttingga = ¢, we see that notonly (ii") and (iv’) are satisfied but also

i) TI 16(0‘;" 7,") = ¢(0p,0,) (¢(wp, 05))71 i p=1 (modl),

r mod pH—

T o(0%, 07) = (05, 05) (e(03,09)) 7" if 2[f.

7 mod 2

Assume conversely that ce Fy(I', E), and that (iii") holds. Then the group E, satisfies
(ii’) to (iv’). But as (ii) to (iv) are defining relations of A,, the mapping a(y’, ') —>¢(y’, &)
for all ', eI is a homomorphism of A, onto E,. As furthermore E, is a subgroup of E

1 See footnote 1 on p. 407.
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and A, is a direct constituent of the elementary Abelian group A, it follows that there exists
a homomorphism ¢ of A into E, such that for all y',0’ e T, ¢(a(y’,0)) = ¢(y’,0’). ¢ is then
an element of ®*(A/K), and ¢ = ga.

Let now ¢; e F(T, E), ¢, € A(K). By theorem 57, = ug, e ®*(A/K). Let ¢, =7, ce Fy(T, E).
Then ¢ = ga, a as above; for, ga =%, gae F4(I', E), and Fy4(I', E) contains precisely one
representative of ¢. It follows that ¢ satisfies (iii"). But both right- and left-hand sides in
(iii") are expressible in terms of ¢*, ¢ ; in fact we have

IT c(v'sy™) = e*(y' )™ (8:15)

rmod n

if the order n,. of y’ divides #, and

o(y', ") (e(@’ 7)) 71 = ex (¥, 0). (8-16)
Now ¢*, ¢, are invariants of the class ¢, and so both sides in (iii’) remain unaltered if ¢ is
replaced by ¢;. Thus ¢, satisfies (iii’).
Conversely, assume ¢, satisfies (iii’). Then if ¢, =¢, ce F4(I, E), ¢ will satisfy (iii’). We
saw above that ¢ = ¢a, for some ¢ e ®*(A/K), and so ¢ = ug, 7, € A(K).
It has been shown that ¢e A(K), if and only if ¢ satisfies (iii"). It is easily verified that if|
for p=1 (mod!),

rmgp;l"(”;: a,) = ¢(0}, 0p) (c(w), 75)) !

then the same equation also holds if 7}, is throughout replaced by o7, for anys. The converse
is trivial. Applying Artin’s reciprocity mapping we obtain thus theorem 6 (4). Criterion B
follows by (8-15), (8-16).

9. ExpriciT CRITERIA FOR 4(K)

The conditions determining A(K) as stated in theorem 6 are invariant in the sense that
no explicit reference to any particular characters associated with K or to any particular
basis of I" is involved. For the purpose of computing 4(K) in concrete cases it is useful,
however, to have an explicit criterion in terms of a given basis of I" or of ®(K/P). Such a
criterion will be formulated in theorem 7. At the same time the theorem will throw additional
light on the way in which the group 4(K) is related to numerical invariants associated with
®(K/P). The elements of I' will now be again denoted by symbols y, ¢, w instead  of y’, o, o".
Otherwise, the notation of § 8 will be adopted. In particular, we shall have to consider
again the group I'(K*/P), whose elements will be denoted as before by ¢*, v*, etc. For the
complex function exp (2miz) of a complex variable z we write € (z).

Let [Im, ..., "] (n; 2 n,,,) be the group invariants of ®(K/P), i.e. of I, and let [¢,, ..., ,,]
be a basis of ®(K/P), with order ¢, = I". Let g = [y,,...,7,,] be the unique ordered set of

elements of I' satisfying .
¢i(7’j) =¢€ (31‘]'/1"") (hy=1,...,m). (9-1)

Then g is a basis of I, and order y; = /. Conversely, for such a basis g, a basis [¢y, ..., ¢,,]
of ®(K/P) is defined by (9-1). We put

vi=g" (9-2)
Then [y, ..., ¥,,] is @ basis] of @y (K/P).

1 No confusion can arise as the group Q of §8 will not appear here.
1 For any Abelian group @, @, is the subgroup of elements whose /th power is the identity.

52 VoL. 251. A,
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410 A. FROHLICH ON THE

Choose for all ¢f residue characters ¥,, x, as follows. If ¢ =p=1 (modl), and if
(p—1,L0+Y) = Iss, ¥, is a residue character mod p of order ls. If 2+ ¢ = [ and if

(f*, Ia+2) = o+l

X, is a residue character mod /¢*! of order [e. If ¢ = 8, (f*,2%*3%) = 2%*2, y is a residue
character mod 2%+2 of order 2%, ¥, (—1) = 1. If ¢ = 4, ¥, is the residue character mod 4
of order 2% = 2. For all ¢, x, = x*"'; thus y, is of order /.

We observe that the mapping w defined in § 6, is now—P being the rational field—an
isomorphism of ®(P) onto the group X(P) of rational residue characters. Hence, for all
such residue characters y, w~!y is a uniquely defined id¢le class character. The characters
w1y, then form a basis of ®(K*/P), and one can assume ‘

[ (0) = e (0 /1%). - (99)
Write for all pairs p, g where p | £, (p,¢) = 1,
X(p) = e (g, p)/E%)- (9-4)
- As®(K/P) =®(K*/P) we have a unique representation
we; = T1xys, y; modlse (i=1,...,m). (9-5)
; .

The coefficients y,, are given by}

Pi(0F) = e(y,,/le), alli, all q. (9-6)
As ¢, is of order [, there exist integers x,,, such that
€ (y;,/l°7) = e (x;,/I™) all i, all g. (9-7)

For the purpose of formulating theorem 7 it is convenient to introduce in addition to the
‘multiplicative’ invariants ¢*(;), ¢x(7;,7;) also ‘additive’ invariants C*(y,), Cx(7;7,) of
the factor-system class ¢ in F(T', E), by

C*('}'z')‘= e(C*(y)/D),  cx(¥s Tj) = e (Csx(7s Yj)/l)’ (C*(7)s Cxe (¥ Vj) (modl)). (98)

- TurOREM 7. A necessary and sufficient condition for the element ¢ of F(T, E) to lie in A(K) is
that the invariants of ¢ satisfy the following conditions.

“A. If p=1 (mod),§]| [+ 2,
(1) TI TLes(ysy;)iria=inxiallabl — TT c* (y,) %6~ DI,
q(+p) i<j i
If p=1 (mod 2), [ = 2, '
(i) TT 0 ox (7 Poemamsio ot — TT o (o002 T oy 3, )=
q(*p) i<j i i<j .
Ife=12\f,
(i1)) TI TTew(ysy;)toosiamrional 02 = TT 6% (y;) 427 TL ey (v, ;) 45,
q(+4,8) i<j i i<j
1 ¢ has the same range as in §8.
I It should be noted that using the Artin reciprocity mapping all equations of the type (9:6), (9-3), etc.,
can be expressed as character equations with the elements of the Galois group replaced by idéles.
§ Note that x,,(p—1)/I" is integral, by (9-7).
|| For the symbol [], see footnote , p. 392,

i<j
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B. Equivalent to equations (1) to (iii) are
(ia) TL Tl (439779)] (£)}040% = TLe sy (6~ 1)) 00
(ia) TT THTumy (30 f57)] (£}
— TTe (xy(p—1)/2%+1)00 Tl e (0 (p— 1) [4) 4.
(ia) TT T {lu, (pp57)] (25 = TTe 12 09 T e (s 5/ 2) 4047
Here y extends over all primes p' ( + p,2) dividing f.

C. The left-hand side in (ia), (iia) can be replaced by
T (yd=0)] ()},

i<j
CororLary. If K is the union of quadratic fields, and if for i =1,...,m, Py = P, = P(/d)
 then a necessary and sufficient condition for an element ¢ of F(T', E) to lie in A(K) is that the invariants
of ¢ satisfy the following conditions:

(iv) TI (di’ df) o W)ﬁ (——_1,_@)0 " 1, for all prime divisors p.
i<j ﬁ i=1 p

Proof of the corollary. If p is non-ramified in K, then each of the symbols (a, 6/p) involved
takes value 1, and so the condition imposed is non-trivial only for the ramified finite prime
divisors and for p,,. For p, the criterion can be deduced either by the product formula of
the norm residue symbol—and so the equation for g, can be omitted as depending on the
ones for finite p, or alternatively this equation can also be deduced directly in analogy to
the methods used in proving theorem 6. Finally, if p | /, we can verify (iv) from, for example,
B (iia), (iiia) using the explicit definition of the Hilbert symbol in terms of residue characters
and taking d; as the discriminant of P(/d;).

If we take in the corollary m = 2, C*(y,,7,) = C*(y,) = C*(y,) = 1 we obtain a criterion
for K tohave an extension with quaternion group which wasfirst proved by Reichardt (1936).

Proof of theorem 7. Let for all p dividing f, o} = (p, K*/p), v, = (, K/p). By (9-3), (9-4),

have fc 2 -
we have for p =+ 2, w¥= g) a;“ 6,#"  (mod [0-;!;]),
q

using the product formula for the norm residue symbol. Hence

w,= TI 0;# (mod[o,]) (9-9)
q(+p)

if 7, is the coset of ¢} in I". On the other hand, (2, P(/—1)/2) = (2, P(y2)/2) = 1. It follows

that o= T] 0397 (mod[sf2]),
q(=+4,8)
whence w,= T o;'¢% (mod [dF]). (9-9a)
q(+4,8)
From (9-9) and (9-9a) we get for all p | £, and for all ¢'=0 (mod p)
C*((!)p, o-q') = HC* (Uq’ Uq')—[q’pla (9.10)
q

52-2
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the product extending over all ¢ prime to p. Next observe that by (9-6), (9-7), for all ¢, ¢
¢i(o,) = ¢z(1;[ 77

and so for all ¢ o, =TIype. (9-11)

Applying (2-8), (9-10), (9-11) we express ¢y (a);, 7y), ¢*(0,) in terms of the elements ¢y (7;,7;),

¢*(y;), and use Artin’s reciprocity mapping. Theorem 7(4) is then seen to be equivalent to

theorem 6. The detailed calculations are omitted.
For theorem 7(B) we observe that by (9-4)

%(2) = e ([9:1/1) (9-12)
whenever (g,p) = 1. Also by (9'5), (9-6)
: wy; =TIxke (i=1,...,m) (9-13)
g
whence TT wyy; = TI x&e. Using (9-2), (9-8), (9-12), (9-13), criterion B is seen to be equi-
P D (@:p)=1

valent with criterion 4. Apart from C—to which we shall return below—theorem 7 has
thus been established.

Procedure for computing A(K). Choose a basis [¢,, ..., ¢,,] of ®(K/P), so that order ¢,,, <
order ¢;. Then I"has a basis g satisfying (9-1); the elements of g can of course be considered
as classes mod f*. Select for each ¢ a rational number q, as follows: (i) a, is a /th power
non-residue mod g, if ¢ = p=1 (mod!), and mod ¢?, if ¢ =[+2; a,=—1, g;=5 (mod 8),
(ii) a,=1 (mod f*@), where f*@ is the greatest divisor of /* prime to g. Then one can find
integers x,, satisfying wg,(a,) = e (x,,/I"), if I = order ¢,. Put ¢{'""" = ;. For each solution
[C*(7:), C (755 7;)] of (ia) to (iiia) one can construct a factor system ¢, using (9-8) and (2-8).
These factor systems then form a complete set of representatives of 4(K), and at the same
time form a group—which thus is an explicit representation of 4(K).

It remains to discuss the significance of the character products and numerical exponents
occurring in theorem 7. Let Xq be the group of residue characters of /-power order, which
are defined modp, if ¢ = p=1 (mod /), and mod "1, if ¢ = [4=2; X, is the group of residue
characters mod 4, and X, the group of residue characters y mod 2:2+2 with y(—1) = 1.
Then w®(K*/P) is the direct product of the groups X,. The X, components of w®(K/P)
form a subgroup X, of X,.

Denotef the maximal subfield of K, whose Galois group has exponent dividing / by
K9, so that @(K/P) = ®(K%/P). Let wd(K /P), w®(K?/P) be the maximal subgroups of
w®(K/P), respectively w®(K®/P), of characters whose X, component is 1. Then K, is the
invariant field of [¢, ], and K¢ = K n K®. The inertia fields of an odd prime p in K, and
K9 are the fields K,, K%, and the inertia fields of 2 in K, and K® are the fields K, n Ky,
respectively K@ n K.

One can clearly assume y;,%0, [g,p]=%=0 (mod Fe*!), x;, =0 (mod /**1). The order [z of
X, is an invariant of ®(K/P), and so is the sequence [/, ...,I"] (n;2n;,,). On the other
hand, a change in the particular generator x, of X, selected will amount to a substitution

(d) xiq—>xz‘qrq3 yiq'?yiqrq’ rq[qi p] g [q’p] ((rq’ l) = 1)3

1 The symbol K@ has here a different meaning from that in §8. In neither place does the symbol appear
in the final results and so no confusion should arise.
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RATIONAL CHARACTERIZATION OF ABELIAN EXTENSIONS 413
while a change of basis of ®(K/P) leads to a substitution

X; X;
®) jalSal a0,

with (g;;) as a unimodular matrix with respect to the ring L of /-adic integers.
We consider the matrices
X= (xiq)i,q’ Y= (yiq)i,q’

the column indices ¢ being ordered in a given manner, and for each subsequence [g¢,, ..., ¢,]
of the sequence of column indices, also the matrices

X(q15-9)s Y(q15---,9,)

consisting of the columns ¢, ..., ¢, of X, and of Y, respectively. One has then without loss

of generality
X(qys ---»q,) diag (59, ..., I50,) = diag (I", ..., I") Y(qy5 ..., q,)-

The rank mod/, and the elementary divisors in L of these matrices are invariants of the
substitutions (a), (8). ;

The immediate and obvious invariant characterization of the matrices ¥ and X is in
terms of the group invariants of ®(K*/P)/®(K/P) and of ®,(K*/P)/®,(K/P). More
precisely these group invariants are the elementary divisors, in the ring L of /-adic integers,

of the matrices [ Y ] [ X :l
(diagls), 1> | (diagl), )’

respectively (by (9-5), (9-13)). We shall, however, mainly be concerned with certain sub-
matrices of X and Y. Use will be made of the following two results.
I. The elementary divisor in L of the column matrix Y(q) is the order ideal of X, /X, (by (9-5)).
II. The elementary divisors in L of

[X(qy5 ..., q,) | diagl]

are the group invariants of ®p (K, n ... n K, [P). The rank mod [ of X(q,, ..., q,) is the l-dimension
of B (K/P) /@Ky, o ... 0 K, [P) (by (9-11)).

The criterion for 4(K) in theorem 7 is stated in terms of a system of equations for the
unknowns C*(y,), Cy(7;,7;), respectively ¢*(;), ¢«(¥;,7;). There is one equation for each
prime divisor p of f, with the convention that for p = /<=2 the equation is trivial. Accordingly
one can refer to the p-equation, or for | g, to the g-equation of the system. Our aim is to
investigate what may be called the ‘system of coefficients’ of the system of equations.f
As seen from A4 the coeflicients are functions of the x;,, the [¢, p], and the group invariant
[, ..., ],

First consider the left-hand sides. By inspection of (ia) to (iiia) we see that, in the first
place, these depend solely on ®@(K/P) and not on the whole group ®(K/P). In fact the
exponents x;, are to be taken mod/, but they are determined mod/ by (9-13), i.e. by the
basis [y, ..., ¥m] Of @y(K/P). Next we note that the left-hand sides are essentially deter-
mined by the mutual congruence behaviour of the primes dividing f. In fact the ideal

1 One can in fact write the criterion of theorem 7 as a system of linear congruences.
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([g,£],?) is invariant under substitutions (¢) and (4); also ([¢,#],!) = (1) or = (), and the
latter is the case if and only if (i) p is /th power residue mod ¢, if g=1 (mod/), or ¢ = 4,
(ii) p is Ith power residue mod /2, if ¢ = /=2, (iii) p= +1 (mod 8), if ¢ = 8. Thus if p is an
Ith power residue modf*®), where (f*®),p) =1, f* = f*®yp, then the left-hand side of
the p-equation is trivial, i.e. takes value 1 identically; moreover, if this is true for all p,
then when /=2, the invariants cy(y,,7;) can be chosen arbitrarily, and the invariants
¢*(y;) have to be chosen so that the right-hand sides take value 1.

Now use criterion II, for r = 1, 2. The rank mod/ of X(g) is zero, i.e. x;,,=0 (mod/) for
all , if and only if K® = KO. Thus whenever K¥ = KO, the left-hand side of the g-equation
will take value 1 1dcnt1cally, and the ‘g-term’ on the left of any other equation can be
omitted. Next consider the expressions ;,x;,,—#;,%;,» occurring in (i) to (iii). These are the
subdeterminants of order 2 in X(g,¢"). By II they w1ll all vanish, if and only if I'(K®/K?),

T'(K®/K®) are not independent subgroups of I'(K®/P),i.e.if and onlyif K& < K&, or K& = K9.
Thus in this case the left-hand sides are in fact independent of what one may call the
mutual congruence behaviour of ¢ and ¢'. In particular if x,,%0, x,, 20 (mod!) for some
s,t,i.e. if X(q), X(¢') have rank 1 mod/, then x;,x;, —x;,%,,=0 (mod/), all 4,5, if and only
if K = K. Restricting ourselves for simplicity’s sake to the case ( f,2) = 1 wecanconclude:}
the left-hand sides depend on the mutual congruence behaviour of pairs (p,p’) of distinct
prime divisors of f—but only if both p and p’ are ramified in K9, and if the inertia fields
K9, K do not coincide.}

The X, component of w(y¥ayy*i) is 1. Hence yay;viee O(KY/P). It follows that if

= p is an odd prime, then w,(Y¥e¢;*e) = 1, and so w(yfiryy*r) = H wl, (e iy #e). This

justiﬁes theorem 3 (C). Assume now that the rank mod !/ of X(g) is not zero Then without
loss of generality one may take x,, = 1. It follows that ¢} y7 ¥4 is a basis of ®(K?/P). Thus
the characters y#1y;*i generate ®(K9/P) whenever K#+K.

We now turn to the right-hand sides, where we shall consider the °‘coefficients’
€ (x,(p—1)/l"*1). Neglecting the additional factor occurring in the case [ = 2, the right-
hand sides can be written in the form e{(1/]) Zx,,(p—1) C*(y,)/l"}, where p=1 (mod /).
But one can assume x;,/l% = y,,/I?; also (p—1)/l is an [-adic unit. Thus apart from unit
factors in L the column matrix (x;,(p—1)/I") coincides with the matrix ¥(p). Hence by I
the right-hand side of the p-equation essentially depends on the group index (X,:X,).
A necessary and sufficient condition that the right-hand side of the p-equation be trivial,
i.e. have identically value 1, is that (Xp:Xp) =0 (mod/), i.e. that p should not attain the
‘maximal possible’ order of ramification in K. A similar interpretation also applies to (iii),
respectively (iiia). :

Let now x,/l" = z,[I"os, (z;,,1) = 1; here I"¢ is the order of ¢, mod®(K,/P). Then
e (x,(p—1)[ln+Y) = e ((p—1)/lros*1)%i0, where p=1 (mod["»#). We now observe that the
function 0,. defined on the group of rationals =1 (mod ™) by Ou(a) = e ((a—1)/i™*1) is
a character of that group mod /"*!. If in particular », = 1, all ¢ then the right-hand side
will appear in the simple form (6,(p)) ¥ ## ¢,

+ A similar statement can of course be formulated in the general case.

1 Here only the ranks mod [ of X{(g,, ..., ¢,) for r =1, 2 have been dealt with. It can be shown that the

ranks mod [ for r > 2 also reflect certain significant properties of the system of equations. A detailed statement
however would already for r =3 have to cope with a fairly complicated situation.
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10. DESCRIPTION OF THE CHARACTER GROUP P(A/K)

In the present section theorems 5 and 6 will be used to express the structure of the group
®*(A/K) in rational terms and to give a description of the group ®(A/K), i.e of €(K/P).
For this purpose it is convenient to introduce the group ®(K/P) of genus characters of order
[ in K, well known in the theory of absolutely Abelian fields. In terms of ideal classes
O(K/P) is simply the group of characters of order [ of the genus group mod 1, if (£,2). = 1.
In terms of idéle classes ®(K/P) is the subgroup of ®(K) which is the character group of
Jx/Lg Ug. Here J—as before—is the idéle group of K; L, was defined in §4, and Uy is
the group of unit idéles which are positive at all real infinite prime divisors and in the case
when 2| f, are squares at the prime divisors above 2.

In keeping with our programme we shall want to characterize ®(K/P) rationally. That
this is possible is a classical result. Let for each character ¢ e ¥ (K/P) = @, (K*/P), sy be
its restriction to the idele norms of Kin P. Now define a character ¢ on Jy by

$(A) = [s¢] (Nsp N)- (10-1)

Then ¢e O(K/P) and the mapping s§—¢ sets up an isomorphism of s®(K*/P) onto
O(K/P). »

From (10-1) it follows that ¢ = Ry, e ¥'*(K/P). Assume conversely that ¢e®(A/K),
¢ =Ry, y' e ¥*(K/P). Then ' = y¢", where ¢ e ¥ (K/P), y" e O(K/P), and thus ¢ = Ry.
But then ¢, ¢ satisfy (10-1). We have seen that ‘

O(K/P) = R¥Y*(K/P). ‘. - (10-2)
By (10-2) and theorem 5 we now get

TuroreM 8. O(K/P) is a subgroup of ®* (A/K) and is the kernel of u*. ®*(A[K) is the direct
product of O(K/P) and of a group © which contains for every element ¢e A(K) a unique character
0, such that uf; = .

For the second part of the theorem we only have to note that every subgroup of the
elementary Abelian group ®*(A/K) is a direct component.

As the groups O(K/P) and 4(K) are determinable in the rational field, theorem 8 provides
a rational determination of ®*(A/K), and thus by theorem 5 also of ®(A/K). Every character
¢ in ®(A/K) has a unique ‘parametric’ representation ¢ = 6.6;.Ry, with de O(K/P),
e Wy (K/P), 0.€ O, ¢ = ug; also ¢ has a representation ¢ = 6;. Ry’, with ¥’ ¢ ¥(K/P), and
¢ unique mod®(K/P). It should, however, be noted that the group ® in theorem 8 is not
in general unique. There is in fact no canonical procedure of singling out such a group of
representatives of 4(K) in a unique manner.

Next an explicit description of the group ®(A/K) will be given, not using the subgroup 0,
but solely the rationally determined invariants ®(K/P), 4(K), and ¥, (K/P). At each step
the conditions in terms of these invariants will be interpreted as conditions on the class-group
structure in K. Let then ¢ be a rational idéle class character of order / not ramified at any
prime divisor of f, and let ¢ be an element of 4(K), i.e. a solution of the system of equations
in theorems 6 or 7. Then there exists a character ¢ e ®(A/K), such that

(i) ugp =vc.

(i) @.Ry~!is non-ramified at all finite prime divisors of K, non-ramified in K/P.
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Condition (i) is equivalent to a set of equations

¢(QI'y) = 6‘*(’}'), ¢(%8,y) = 0*(&7)

on Ly, as set out in detail in theorem 3. Condition (ii) is equivalent to the set of equations

$(A) = §(NygpU)
for all unit ideéles A, whose components at the finite ramified prime divisors in K are 1.
Also if ¢ satisfies (i) to (ii), then so does ¢,, if and only if
(i) § = ¢'6,, ¢'< OK]P).
Condition (iii) is equivalent to S() = §,(2)

if We L, Uy,. Finally, every character ¢, in ®(A/K) is obtained in this manner, i.e. by (i)
to (iii).
The stated results, and the description of ®(A/K) still leave the problem of determining
the local components of characters from their invariants. This will be dealt with in § 12.
In conclusion a special case will briefly be discussed. By corollary 2 of theorem 5 the
mapping #* is an isomorphism if and only if

¥+ (K/P) = O(K/P). | (10-3)
Now W*(K/P) = Wa(K/P).O(K/P); also ¥4 (K/P) = ®,(K*/P). Thus (10-3) is equi-
valent with Oy)(K*/P) = Dy (K/P). (10-4)

Thus (10-3) holds if and only if K®is its own genus field, and in addition P(,/—1,,/2) < K®
whenever [ = 2| f. In this case then every character ¢ in ®*(A/K) is uniquely determined
by ug, the group O(K/P) = 1, and O is the unique group ®*(A/K). Conditions (i), (ii)
in the description of ®(A/K) determine ¢ uniquely. |

11. ABSOLUTELY ABELIAN EXTENSIONS

The present section will be concerned with the subset of €(K/P) of fields which are
Abelian over P, and the corresponding group ®,(A/K) consisting of all characters ¢ in
®(A/K) for which K, is Abelian. This set of fields can of course be determined by direct
application of the fundamental theorem of class-field theory. Our aim, however, is to
show how the structure of ®,(A/K) and the embedding of this group in ®(A/K) is described
in terms of the theory developed here.

Obviously one has @,(A/K) = (RD(P)) n®(A/K); the question then arises how to
characterize rationally the subgroup of ®(P) of elements ¢ for which Rpe®(A/K). For
this purpose define a subgroup W(K/P) of ®(P), as the group of characters ¢, such that
#'e ®(K/P). It will then be shown that this is the required group.

We have seen in § 2 that to every class ¢ of F(T', E) there corresponds a unique commutator
factor system ¢y. The homomorphism ¢—¢, of F(I', E) onto C(T, E) will here be denoted
by &, and we write 24(K) = C(K). Wesaw in § 4 (cf. (4-8)) that the kernel of 2is the subgroup
F,(T,E) of factor-system classes which are operative for Abelian extensions of E by I
Next we recall from §2 that to each class ¢ of F, (T, E) there corresponds a power-factor
system ¢* in P(T, E) with ¢*(1) = 1. Denote the mapping ¢—>c¢* of F,(I', E) into P(T, E)
by g and write g(F,(T, E) n A(K)) = P(K).
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Assume that ¢,,¢,e F,(T', E), and that g¢, = g¢,. We also have k¢, =k, = 1. But the
mapping ¢—> (¢, c*) is biunique, and so ¢, = ¢,. It follows that g is an isomorphism of
F,(T,E) into P(T,E). Let now ¢* = gi, ce F,(T, E). If yeT, ¥'=1, then c*(y) = ¢*(y'), as
can easily be verified. Thus ¢* is completely determined by its values on I', the subgroup
of I, of elements y with 9 = 1. Write for all ye I',

d(y) = c*(y)/m, (11-1)

n,, denoting the order of y. Then by direct calculation we verify the formula

d(r172) = (r1) 6(72)-

¢ is thus a character of I'y. Also ¢ = 1, if and only if ¢ = 1. It follows that the mapping
¢—>¢ is an isomorphism of F,(I',E) into the character group ®(I',) of I'. Assume
conversely that ge®(I'y). Letg = [yy,...,7,,] be a basis of I, and let for i =1,...,m,
i =Yk 1,yie Iy Put ¢*(y;) = ¢(yi), for i = 1,...,m, and ¢x(¥,,7,) = 1, and construct
a factor system ¢ in Fg(T', E) by (2-8). Then ¢e F,(T}, E), and for g¢ = ¢* (11-1) will hold.
Using (11-1) one may thus identify gF, (T, E) with®(T')). On the other hand, the restriction
of characters of O(K/P) = ®(I") to I'y) has kernel ®*(K/P), and one may thus identify

O(I'y) = O(K/P)/K/P).

g will then be considered as an isomorphism of F, (T, E) onto ®(K/P)/®(K/P). It remains
to find the subgroup P(K).

THEOREM 9
(i) RY(K/P) =®,(A/K), and ¥ (K/P) is the inverse image of ® ,(A/K) under R. The sequencet
of homomorphisms 4 _, g(K/P) - F(K/P) O(A/K) 2 C(K) 1
15 exact.

(i) 2 ¥« T(K/P), guRy — c* then c*(1) — 1, and for allf yeT,y+1, c*(y) = y(y),
where n,, is the order of y in T'. P(K) is the subgroup T (K/P)/®(K/P) of ®(K/P)/®K|P), and
the sequence of homomorphisms '

. 1->%(K/P)>T(K/P) £& P(K) > 1
s exact.

Proof

(i) As in theorem 1 we find that ®(K/P) is the kernel of R. As ®(K/P) = ¥(K/P), this
and the formula RY(K/P) = ®,(A/K) imply that ¥(K/P) is the required inverse image.
The kernel of & in F(T, E) is Fy(T',E). Hence hug = 1, if and only if upe F, (I, E), i.e.
¢e®,(A/K). It then only remains to establish the first formula in (i). ,

Assume that e ®,(A/K). Then ¢ = Ry, e ®(P). But ¢ = 1, i.e. Ry = 1, and so * lies
in the kernel ®(K/P) of R; hence ye ¥ (K/P). Conversely assume that e T (K/P), Ry = ¢.
Then y'e®(K/P), i.e. ¢ = 1. Thus (K,:K) [ L. But K, is Abelian, and hence K;e €(K/P),
ge®y(A/K).

(ii) Lety e W (K/P), ¢ = Ry, Ky = A, gug = c*. Let a be a factor system in the operative
class for A/K/P; then if ye T, y==1,

g(a*(y)) = c*(v). (11-2)
t ®(K/P) ¥ (K/P) in (i), ¥(K/P) ¥ (K/P) in (ii) are the injection mappings.
I Note that 7, =0 (mod /), and that therefore ¥" ¢ ®(K/P), so that y"»(y) is defined.

53 VoL. 251. A.
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Now if 7 is any representative of y in I'(A/P), and if n, is the order of y in I', then
V' = a*(y).
Hence ¢(a*(y)) = ¢(7™); also ¢(y") = y(y") for all y’ e I'(A/K). Therefore
| P() = $(a* (7). (11:3)

Now ¢ (y™) = y™(¥). But y»e®(K/P), and 50 ¥™(7) solely depends on 7 mod I'(A/K),
i.e. on y. Thus ¥ (™) = y™(y). By (11-2), (11-3) we obtain the required formula

() = 9. (11-4)
Restrict now the argument y to I'j. Then if ¢’ is given by (11-1) we get from (11-4) that
¢'(v) = ¥'(7)

for all ye I'y, including of course y = 1 Thus ¢'=¢* (mod(D‘(K/ P)) It follows now that
P(K) = ¥(K/P)/0(K/P).

"~ We finally observe that g is an isomorphism, so that guRy =1 if and only if uRy =1,

hence by theorem 1 if and only if ¢ e ¥'(K/P). Therefore the sequence in (ii) is exact.

12. LOCAL PROPERTIES

The principal aim of this section is the study of the relation between the ‘global’ in-
variants of €(K/P) and certain local invariants, using the formal theory of § 6. A number
of results on the invariants of €(K,/P,), for rational prime divisors p, will be needed but
no detailed account of this subject} is to be given and proofs will be omitted, whenever
they could be supplied by an adaptation of the corresponding proofs for the set €(K/P).
One can restrict oneself mainly to finite pmme divisors, the infinite case being trivial. The
prime 2 presents certain special features, which however will not be discussed here in detail.f
Furthermore, all primes p with (p(p—1),/) = 1 can be excluded from consideration.

We have, in analogy to theorem 6:

I. ¢,e A(K,), if and only if

(1) when p=1 (mod!)
rmol‘:[p_ ¢p(a,a") = c,(a, p) (c,(psa))!
Jor all units a of P;
(i1) when p=2=1
”-.!.!-O]gi262( -1, ( - l)r) = 02(5’ 2) <62(2, 5))—1‘
When p = 12, then A(K,) = F(T,, E).

For the sake of completeness we note that for the infinite prime divisor p,, we have

A(K,) = 1; this however is only a restriction for / = 2; for otherwise I, = 1.

THEOREM 10. A necessary and sufficient condition for an element ¢ of F(T, E) to lie in A(K) is
that ¢, lie in A(K,) for all finite prime divisors p of f (equivalently: for all prime divisors p in P).

T The methods of proof and the results of the theory of €(K,/P,) are in close analogy to those of the
‘global’ theory derived in the preceding sections. The local theory is in fact a simplified version of the
global one.

1 See the forthcoming paper on decomposition of primes in certain non-Abelian number fields.
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The first version follows by comparison of I and theorem 6. But then a fortiori: ¢,e A(K,)
for all prime divisors p in P implies ¢e 4(K), while the converse follows by theorem 4.

We now observe that the restrictive conditions on 4(K) refer solely to prime divisors p
for which P, contains the primitive /th roots of unity, i.e. to p=1 (mod/), and to p = 2,
if | = 2 (also to p,, if [ = 2). We thus get by theorem 3:

CoroLLARY. 4 necessary and sufficient condition for an element ¢ of F(T', E) to lie in A(K) is that
Jor all prime divisors p, of which P, contains the primitive lth roots of unity, the element ¢, of F(T',, E)
be mapped onto the unit class of F(T'y,Vy,). Here the mapping is any homomorphism

F(T,, E)—>F(T,, V)

induced by some isomorphism E—Vy, (cf. §5).

This corollary suggests a general law not only holding when P is the rational field, but
also when P is an arbitrary finite algebraic number field: ¢e A(K), if and only if for all
prime divisors p such that P, contains the /th roots of unity, the element¢, of F(I'y, E) falls
into the unit class of F(I'y, Vy,). That this condition is necessary follows from theorems 3
and 4. For its sufficiency we should have to show (i) e A(K), if ¢ye A(K,) for all p,
(ii) A(Kp) = F(I'y, E), if P, does not contain the /th roots of unity. There are also other
considerations supporting this conjecture. The crux of a sufficiency proof would lie in (i).

Let now T, be the inertia group of I',. Denoting the coset mod T, of an elementyinI',

by 7, the rule S
(15 72) = b(71,72)

associates with each element b of F(I',/T,, E) an element ¢ of F(I'y, E), and ¢ will be the unit
class of F(T',, E), if b is the unit class of F(I',/T,, E). It follows that the mapping #—¢ is an
homomorphism f, of F(I',/T,, E) into F(T,, E). It can also easily be established that—
denoting the invariant field of T, by K,—f,uy,/p,§ = tg,p, Riyix, 9> for ¢ e O(A(K))/Ky).
Write f, F(T",/T,, E) =Fy(T',, E). We shall find that

Fy(T, E) = 4,®,(K,/K,), (121)
where ®y(A,/K,) is the subgroup of non-ramified characters in @(Kp/Kp). (12-1) in par-
ticular impli —
icular implies Fy(T,, E) < A(K,). (12:9)

By the preceding remarks, (12-1) will be established once it has been shown that with
K}, in the same connotation as above,

(a) (12-1) holds when T, = 1, i.e. K, = K,.

(6) FpeDy(A(K,)/K,) such that [Ry, /x, 8] = Dy(Ap/K,).

To prove (b) we note that there exists a non-ramified character ¢ of order / in ®(K3).
As K, /K}, is totally ramified, ¢ ¢®(K,/K}), and so ¢’ = Ry, ¢ is of order I. Also ¢ is non-
ramified. A non-ramified extension of a field M, normal over P, is itself normal over P,.
Thus the fields (K}); and (K,), are normal, and hence ¢ e @y(A(K,)/K}), ¢' € Dy(A,/K,).
As the latter group is cyclic of order /, it follows that ¢’ is a generator.

To prove (a) one can exclude the trivial case K, = P,; for then F(I',, E) = 1. We thus
assume K, = K+ P,. Choose ¢ as above in the proof of (4). Then I'((K,),/P,) is cyclic of
l-power order with non-trivial subgroup I'((K,),4/K,) and non-trivial quotient group

53-2
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['(K,/P,). It follows that the operative class of (K,),/K,/P, is not the unit class, i.e. u,¢=1.
But as K,/P, itself is non-ramified, i.e. I, is cyclic, the group F(T’,, E) will be cyclic of order
[, and thus will consist of the elements u,¢".

By (12-1) w,¢ determines 4,4 mod Fy(T,, E) uniquely, i.e. the mapping

wy—>u,¢. Fy(Ty, E)

is defined uniquély, and is a homomorphism, to be denoted by v,. Then we have:
II. The sequence of homomorphisms

1> w,D(K,/P,) »w, ¥ (K,/P,) L w,D(A,/K,) 2 A(K,) [Fy(T,, E) -1
is exact.

If K, is non-ramified, then T, = 1,andsothesequence 1w, ¥'(K,/P,) - w,®(A,/P,) % 1
is exact, and F(I,, E) = A(K,). Hence: _

IIL. If K, is non-ramified then for any given character 0, w,®(A,/K,) = r,w, V'(K,/P,), and
Sor any t,e F(T'), E), G e D(A,/K,) with w,¢ = Oy 4y =17,

On the other hand, we have:

IV. If K, is properly ramified, and ift for p=2, K,2P,(/2,/—1), then v, IS an
isomorphism.

This follows from the fact that w,®( P,) is cyclic when p=2, and is the product of two
cyclic groups when p = 2, while on the other hand, the hypothesis in IV implies the same
for w,®(K,/P,). Hence w,¥(K,/P,) = w,O(K,/P,). By II this implies that v, is an
isomorphism.

Restating for the sake of completeness in (i) results already contained in theorem 5 we
have: '

THEOREM 11
(i) Let for every rational prime p non-ramified in K, A, be a character inw,®¢(P,) (.. a rational
local residue character at p whose lth power is the identical character), with the proviso that A, is the
identical character for all but a finite number of such primes p. Let ¢ be any element in A(K). Then
there exists a character ¢ e ®(A/K) such that

up =7, wl,gé = Tp/lp,

Jor all rational primes p non-ramified in K. In particular for every such prime p, ug is independent of w, 9.
(ii) Let p be a rational prime ramified in K, and assume that when p = 2, P(J2,./—1) =K.
Then for all ¢ € O(A[K), w, § uniquely determines, and is uniquely determined by (ug), mod Fy(T, E).
In particular ug completely determines w,$. The correspondence w,O<—>(ug) » Fn(Ly, E) is explicitly
expressed in the form: w, ¢ completely determines, and is completely determined by the set of values

c3(a),  px(a,b); (12-3)

and wy¢ = 1, if and only if this set of values consists of the element 1 only. Here ¢ = ug. In (12-3)
b runs through all idéles (or rational numbers) and a runs through all idéles (or rational numbers)
which are units at p.

T This assumption will be made throughout in order to avoid lengthy discussion of a special case. The

results remain true also if one replaces /2, y/—1 by /21, J/—n, where n,=1 (mod 4). See also footnote b
on p. 418. '
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Remark. Tt suffices to take instead of the set of values (12-3) the sets

¢y(ay), when p=1 (modl), (12-3a)

where a,, is some primitive root mod p,
¢F(14+10), (14410 when p=I+2, (12-3b)
cF(—1), cF(5), cye(—1,2), ¢ye(—1,5) when p=I1=2. (12-8¢)

The significance of theorem 11 is made evident in thefollowing corollary which strengthens
the corollary to theorem 5.

CoOROLLARY
() For every element ce A(K), and for every finite—possibly empty—set T of rational primes p
such that p=1 (modl) or p =1, and such that p is non-ramified in K, there exists a character
¢ O(A/K), such that up = ¢, and such that the relative discriminant of K 5/ K is divisible by all primes
in T, and is co-prime to all rational primes p which are non-ramified in K ana’ do not lie in T.

(ii) Let p be a rational prime ramified in K, and assume that for p = 2, P(J2,/—1) < K. Let
¢ be an element of A(K). Then p is co-prime either to all, or to none of the relative discriminants of the
extensions K,/K with e ®(A/K), up =7¢. Also p is co-prime to all of these relative discriminants
if and only if

(a) when p=1 (modl), cf(a,) = 1, where a, is some (arbitrary) primitive root mod p,

(6) when p =12, ¢f (1+1) = ¢ (1+1L1) =1,

©) when p— 1= 2, ¢§(—1) = ¢£(5) = pa(—1,2) = tpu(—1,5) = L.

Proof of theorem 11. (i) follows by theorems 4 and 5, and by III.

To establish (ii) we observe that T, is the group of symbols (K,/P,; a), where a runs
through the units of P,. Hence ¢, e Fy(T},, E), if and only if ¢} (a) = ¢, (a,b) = 1, for all b,
and for all units a. Therefore ¢, mod Fy(T,, E) is uniquely determined and uniquely deter-
mines the set of values ¢f(a), ¢y (a,b,. (ii) now follows by IV and theorem 4.

The criterion in the remark followmg the theorem is obtained as follows: I', is generated
by the elements (K,/P,;p), and (K,/P,; a,), where a, is a primitive root modp when
p=1 (mod/), ay=1+1for p =12, and a, takes the values —1,5 for p =/ = 2. The set
of values given in the theorem is then uniquely determined by the elements ¢} (a,), ¢y (a5, p),
¢yx (@, a,), for the stated ranges of a,, a,. The relations in I, however, allow us to omit
certain of these values.

Theorem 11 raises some further questions. Thus one can ask whether in turn u¢ is com-
pletely determined by w, ¢ for all p ramified in K. This is in fact not true, as will be seen in
an example in §13.

Next the question arises, to what extent the ‘full’ local character ¢, for any prime p is
determined by the prescribed characters 4, in theorem 11 (i), and by ug. We have seen that
the local residue character, i.e. the ‘restricted’ character w,$ was completely determined.
Using theorem 11 we can thus reformulate our question: Do u¢ and w,¢ determine ¢,?
It is evident that the anwer must be in the negative. For, a determination of ¢, implies
a criterion for the decomposition of p in K, when w, ¢ = 1. But such a criterion depends on
¢, and not solely on the elements u¢ and w, ¢, which for given p do not in general determine ¢
uniquely. By a more detailed analysis a rational prime decomposition law will be derived
elsewhere for the fields in €(K/P), when K belongs to a certain special class of fields. Even

53-3
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in this case, however, the law will not depend only on u¢. In the general case no such decom-
position criterion in purely rational terms has yet been found.}
One can, however, give a more detailed answer to our question. We shall say that a
rational prime p is inert in K, if the subgroup (I)N( K,/P,) of non-ramified characters in
®(K,/P,) has order >1. We have

THEOREM 12. Assume that K satisfies the hypothesis of theorem 11, that if 2 | f, then
P(/2,/—1)<K.

If p is a rational prime inert in K, then for all ¢ D(A/K), ug and w,¢ determine ¢, uniquely.
If p is a rational prime not inert in K, then for every character ¢ e ®(AJK), and for every character
¢;,e(1)(j—&p/Kj,) such that w,¢ = w,@,, there exists a character ¢’ e ®(A[K) satisfying ug’ = ug,
which has ¢, as its p-component.

Proof. It suffices to prove the theorem when

up =1, w,¢=1. : (12-4)

Assume first that p is inert. It is required to show that ¢, = 1. By (12-4) ¢ = Ry where
one cam assme Ye®y(P), [#1~O(K[P)=1. (12:5)
It follows that by = Ry, Vpe@y(P,). (12-6)

(12-4) implies w, ¢, = 1. If now p is non-ramified in K it follows (cf. §7, proof of (7-6))
that also w, ¥, = 1. Hence, ¢, is an element of the group ®y(P,) of non-ramified characters
in @(P,). Hence by (12-6) ¢, e Dy(P,) n D(P,). But the group @y(P,) has a unique sub-
group of order / and, as p is inert in K, this subgroup is contained in ®(K,/P,). Hence

¥, e O(K,/P,). - (129)
On the other hand, if p is ramified in K then w,®(P,) < w,®(K,/P,), and so

D(Py) cO(K,/Py) [Dy(P,) 0 Oy(P,)].
As p is inert in K, we have again ®(P,) n ®y(P,) c®(K,/P,) and thus ®(P,) =®(K,/P,).
By (12-6) we get again (12-7). But the first equation in (12-6) together with (12-7) implies
by theorem 1 that ¢, = 1.
Next assume that p is not inert in K. One has to show that if g} e ®y(A,/K,), there exists
¥« W(K/P) with (Ry), = ¢;. One may clearly take g,==1. One can then always find

a character ¢ with Ye®y(P), ¢,+1, ¥,e0yP,) (12-8)

by choosing ¢ in such a way that p is inert, but not ramified in the cyclic field P, of degree l.
We then have also ¢, e®(P,), and so R, ¥, eDy(A,/K,). As, however, p is not inert in K,
Qy(P,) n®(K,/P,) =1, and so R,¥,==1. This character thus generates the cyclic group
®y(A,/K,) of order I. Without loss of generality one may then suppose that

Ry =) (12-9)
But by theorem 4 we then have (Ry), = g,

t It was in fact the aim here to show that the set €(K/P) could be determined rationally without the use
of a decomposition law.
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13. AN EXAMPLE

This concluding section is to illustrate the results obtained. The example to be considered
is the class of fields K, such that (i) ®(K/P) is the direct product of two groups of order /,
(ii) the conductor fis divisible by precisely two rational primes p,, p, with p, =p,=1 (mod ).
This is the simplest representative class of fields available. The cyclic fields K would not
do for the purpose. For when K is cyclic, then all fields in €(K/P) are absolutely Abelian,
and can therefore be dealt with by classical methods.

Let then K be a field satisfying the conditions (i), (ii) above. Iffor: = 1, 2, y;is a primitive
lth power residue character mod p; then w~ly, w1y, is a basis of ®(K/P), and the elements
71 73 of I' satisfying [w-1x;] (y;) = e (8;/!) form a basis of I". Every element ¢ of F(I', E) is
uniquely determined by, and uniquely determines the invariants C*(y,), C*(y,), Cx(71,72)
mod/, and for every given sequence of three integers mod/ there exists an element ¢ of
F(I', E) having these as invariants. The group F(I, E) is thus the direct product of three
groups of order /. A necessary and sufficient condition for ¢ to lie in A(K) is that

Xa( 1) G071 = e (1 /12)<1n-1)c*(71>,}

X1( o) G172 = e (1/[2)p2=DCr2), (13-1)

We see here clearly exhibited the property of the left-hand side to depend on the mutual
congruence behaviour of p; and p,, and the right-hand side to depend on the congruence
behaviour of p;, p, mod/. In what follows the several cases that may arise accordingly
will be dealt with. This information is presented in table 1.
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TaBLE 1
1 2 3 4
pr=py=1 (mod &) | A(K)=F(T,E) [, 4, 2, [ 1] 2,2, 2], [4, 2]
X1(f2) = x2(p1) =11 — B, C D,
p1=p,=1 (mod 2 Cy (715 v2) =0 [, 141 2, 2, 2]
Xi(#2) F1 — [2 4 [4, 2]
pr¥py=1 (mod 1?) C*(7) =0

X1(t2) = Xa(py) =1

(L4, 1]
B, C

[2, 2, 2], [4, 2]
D

paEpr=1 (mod ) Calrp ) =BT ECH ) =0 40,20 ~
X1(f2) £ 1, xa2(p1) =1 - c —
Pt =1 (mod 1) Cylyy, 72) =0 51 2,2, 2]
Xalb) £ 1, X(p) +1 CH () =0 [ 4 2]
pi=EL pyE1 (mod 12) C*(y,)=0 [, 11 —
X1(£2) = Xa(£1) =1 C*(7,)=0 B —
PEL poE] (mod B)  Culyy, 7o) AT () =0 [, 1 -
X122 1, xolr) +1 Calryy 7) =222 C*) =0 c -
p1$l’ P2$l (mOd 12) C*(’yl: 72) +pll—lC*(71)EO [l: l’ l] [2’ 2’ 2]
Xe() #1, 1(p) =1 C*(yy) =0 c D



http://rsta.royalsocietypublishing.org/

L

Y |

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

' \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

424 A. FROHLICH ON THE

In table 1 each row refers to a particular case, which is determined by the entry in the
first column, stating the congruence relations assumed for p; and p,. Any case not dealt
with in the table can be derived from a given one by permuting the indices. For /= 2,
some of the stated cases can in fact not occur as they contradict the quadratic reciprocity
law. The second column determines the group 4(K) in each case. This is done mainly by
congruence conditions mod/ imposed on the invariants. The particular choice of the
characters y;, ¥, is still free for /<=2; we can thus assume without loss of generality

Xi(f2) =1, or x(py) = e(l/l),}
‘ Xo(p1) =1, or xs(py) =e(1/l).
For [ = 2, (13-2) will hold in any case.

Also given in each case are the abstract groups of order /* which are realized in the form
I'(A/P) for some Ae €(K/P). This information is embodied in the third column for /=2,
and in the last column for / = 2; when [ = 2 the entry in the ‘impossible’ cases is omitted.
The Abelian groups of order £ will simply be denoted by their invariants. As I'is non-cyclic
[3] cannot occur, but [/2,] and [[,, [] will occur. For [ = 2, denote the dihedral group of
order 8 by D, and the quaternion group of @. If /42, denote by B the non-Abelian group
of order /?* and exponent /, and by C the non-Abelian group of order /* and exponent /2.

We observe that for fields K of the type considered here the mapping #* is an isomorphism
(corollary, theorem 5). Thus for every ¢e A(K) there exists a unique character ¢, e ®(A/K)
with the following properties (denoting by K; the invariant field of y,) :

(13-2)

(1) ¢5(A) =1 for every unit idele A, which has components 1 at all infinite prime
divisors, and all prime divisors lying above p, and p,.

(2) If JVK/K,-QI = d, (K/I(w a) =% then
$:(N) = e (C*()/)-
(8) If Ngj, W =7y,a.a7 e, (K/Ky; a) = vy, we V,, then
$a(U) = e (Ca(y1,72) /1)

Also ug, =¢. ¢z, .5, = bz, 2,

Every character ¢ e ®(A/K) has then a unique representation of the form

¢ = ¢E'R¢a (13'3)

where ¥ runs through all rational idéle class characters satisfying ¢(a!) = 1, for all rational

idéles a, ¥(a) = 1, if a is a rational unit idele with components 1 at p;, p, and at the infinite
prime divisor. The character Ry is defined by

RY(A) = ¢ (N ).

If ¢ is given by (13-3), and p is a finite prime divisor in K, lying above the rational prime
divisor p, and if Uy, is the group of ideles in K which are units at p and have component 1
ClSCWhere, then : ¢(QI) — 1, for all %[G Up
if and only if

(i) when p==p;,py, ¥(a)=1 for all rational ideéles a which are units at p and have

component 1 elsewhere;
(ii) when p = p,, C*(y,)=0 (mod ).
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In particular, if ¢ has invariants Cy(y,,7,) = 1, C*(y;) = 0 for i = 1,2, then ¢ is non-
ramified. Thus in the case when y,(p,) = xa2(#;) = 1, ®(A/K) contains a character ¢ with
ugp==1, w,4 = 1, for all p. This is the required counter example, showing that the local
residue characters w, ¢, for all , do not determine u¢ uniquely.
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